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Famous Words: 


The tragedy of the world is that those who are imaginative have but slight 
experience, and those who are experienced have feeble imaginations. 


By Alfred North Whitehead, a British philosopher and mathematician. 
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Isotropic Smarandache Curves in Complex Space C® 
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Abstract: A regular curve in complex space, whose position vector is composed by Cartan 
frame vectors on another regular curve, is called a isotropic Smarandache curve. In this 
paper, I examine isotropic Smarandache curve according to Cartan frame in Complex 3- 
space and give some differential geometric properties of Smarandache curves. We define 
type-1 e1e3-isotropic Smarandache curves, type-2 e1e3-isotropic Smarandache curves and 


€1€2e3-isotropic Smarandache curves in Complex space C®. 
Key Words: Complex space C?, isotropic Smarandache curves, isotropic cubic. 


AMS(2010): 53A05, 53B25, 53B30. 


§1. Introduction 


It is observe that the imaginary curve in complex space were pioneered by E. Cartan. Cartan 
defined his moving frame and his special equations in C%. In [6], the Cartan equations of 
isotropic curve is extended to space C+. Moreover U. Pekmen [2] wrote some characterizations 
of minimal curves by means of E. Cartan equations in C®. 

A regular curve in Euclidean 3-space, whose position vector is composed by Frenet frame 
vectors on another regular curve, is called Smarandache curve. M. Turgut and S. Yilmaz have 
defined a special case of such curves and call it Smarandache TB» curves in the space E} [7]. 
A.T. Ali has introduced some special Smarandache curves in the Euclidean space [9]. Moreover, 
special Smarandache curves have been investigated by using Bishop frame in Euclidean space 
[10]. Special Smarandache curves according to Sabban frame have been studied by [11]. Besides 
some special Smarandache curves have been obtained in E} by [12]. Apart from M. Turgut 
defined Smarandache breadth curves [8]. 

It is given that. complex elements and complex curves to real space R? which are mentioned 
by Ferruh Semin, see [1]. In complex space C® helices are characterized in [5]. In complex space 
C*, S. Yilmaz characterized the isotropic curves with constant pseudo curvature which is called 
the slant isotropic helix. Yilmaz and Turgut give some characterization of isotropic helices in 
c® |3). 

Several authors introduce different types of helices and investigated their properties. For 


instance, Barros et. al. studied general helices in 3- dimensional Lorentzian space. Izumiya and 
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Takeuchi defined slant helices by the property that principal normal mekes a constant angle 
with a fixed direction [14]. Kula and Yayli studied spherical images of tangent and binormal 
indicatrices of slant helices and they have shown that spherical images are spherical helix [15]. 
Ali and Lopez gave some characterization of slant helices in Minkowski 3-space E} [13]. 


In this work, using not common vector field know as Cartan frame, I introduce a new 
Smarandache curves in C?. Also, Cartan apparatus of Smarandache curves have been formed 


by Cartan apparatus of given curve a = a(s). 


§2. Preliminaries 


Let xp be a complex analytic function of a complex variable t. Then the vector function 
: => 
@ (t) = > Tp(t) k p, 
p=1 


me 
is called an imaginary curve, where @ : C — C*, k , are standard basis unit vectors of E® [6]. 
g y ? Pp 


An isotropic curve x = x(s) in C® is called an isotropic cubic if pseudo curvature of 2(s) 


is congruent to zero. A direction (6), b2,b3) is a minimal direction if and only if 


3 
so. 
p=1 


A vector which has a minimal direction is called an isotropic vector or minimal vector. A 
vector v is a minimal vector if and only if re = 0. Common points of a complex plane and 
absolute are called siklik points of the plane. A plane which is tangent to the absolute is called 
a minimal plane, see [6]. The curves, of which the square of the distance between the two points 
equal to zero, are called minimal or isotropic curves [3]. Let s denote pseudo arc-length A curve 


is an minimal (isotropic) curve if and only if ([4,5]) 


[z]? =0 (2.2) 
where a = 2 (yo Let be each point @ of the isotropic curve. E. Cartan frame is 
defined (for well-known complex number i? = —1) as follows, (see [1,4]) 

=> =>, 

€i=72 

Co =in"' (2.3) 
ee ard 


where 3 = (#'")?, equation (2.3) denote by {€1, €2, €3} the moving E. Cartan frame along 


the isotropic curve @ in the space C®. 
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The inner products of these frame vectors are given by 


0 if i+7 =1,2,8, od4 
a ae ee (2.4) 
1 if it+j=4 


The cross (vectoral) and fixed products of these frame vectors are given by 


— => _— 
€;\ €k =1e j+k-2 (2.5) 
<€1,€2A €3 SS 4 


t 

for 7,4 = 1,2,3,¢= f —[2'(t)]4dt is a pseudo arc length, also invariant with respect to 
to 

parameter t. Thus the vector € and €’3 are isotropic vector, €’2 is real vector E. Cartan 


derivative formulas can be deduced from equation (2.3) as follows 


=| — 
€,=1e2 
ey= Wes 
where k = B is called pseudo curvature of isotropic curve x = x(s). These equations can be 


used if the minimal curve is at least of class C*. Here (1) denotes derivative according to pseudo 
arc length s. In the rest of the paper, we will suppose pseudo curvature is non-vanishing expect 
in the case of an isotropic cubic. Isotropic sphere with center 7m and radius r > 0 in C® is 
defined by 

S? = {Pp = (pi, p2,p3) € C2: (p — m)? =0}. 


3. Type-1 e%eS—Isotropic Smarandache Curves 
1€3 


Definition 3.1 Let a = a(s) be a unit speed regular isotropic curve in C? and {e%, e$, e%} be 
g 11 ©2&3 


its moving Cartan frame. Type-1 efe§-isotropic Smarandache curves can be defined b 
g yp 1&3 y 


0(s*) = —x(ef +9). (3.1) 


1 
V2 


Now, we can investigate Cartan invariants of e{'ef-isotropic Smarandache curves according 
to a = a(s). Differentiating equation (3.1) with respect to pseudo arc length s, we obtain 


dd ds* 
ee SG as (3.2) 


dst ds 


h 
where ds* _ (1+k%)i 3 3) 
ds 2 — : 
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The tangent isotropic vector of curve ¥ can be expressed as follow 
ef = —/1+ kee (3.4) 
Differentiating equation (3.4) with respect to pseudo arc length s, we obtain 


(e?) Fe = AL + kM )iet + (k%)' eS + 2(1 + k)ieY. (3.5) 


Substituting equation (3.3) into equation (3.5), we find 


1+ ke 


(ce). = (2v2K") er — (eo) ef + 2/2e%. 


Since (e))' = —ie¥, the principal vector field of curve J 


e8 = (2v2K") a = (ae) ieS + 2V/2e$. (3.6) 


Using Cartan equation (2.6)3, we have 


2 (ke)' 
ef = if avaKre + v2 (h") eg + aie ds (3.7) 


1+ ke 
and 
€ : 
ko = — s) Z (3.8) 
2 
Substituting equations (3.6) and (3.7) into equation (3.8), we obtain 
B (hk) | 
ff aviv + eres + avi a| 
ke = A (3.9) 
2V/IBkvee + VEN oa + aV/Dies 
Proposition 3.1 If 0 a isotropic Smarandache curves in C?, then k® = —1. 


Proof Using equation (3.4) and definition isotropic curves, it is seen straightforwardly. 


Proposition 3.2 Let a = a(s) be a unit speed regular isotropic curve in C%, If 6 a isotropic 
cubic in C3, then pseudo curvature of a satisfies ec} =constant and ef 4 0. 


Proof It is seen straightforwardly from definition isotrobic cubic. 


§4. Type-2 efe3;—Isotropic Smarandache Curves 


Definition 4.1 Let a = a(s) be a unit speed regular isotropic curve in C?® and {ef, eG, ef} be 
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its moving Cartan frame. Type-2 efeS-isotropic Smarandache curves can be defined by 
6(s*) = —x(ef — e§). 4.1 
(s") = Sele — 68) (4.1) 


Now, we can investigate Cartan invariants of type-2 efe3-isotropic Smarandache curves 
according to a = a(s). Differentiating equation (4.1) with respect to pseudo arc length s, we 


obtain dé ds* i 
S 
pa OE  (® — 1) 4.2 
) ds* ds 7a! Jes ( ) 
and aes j 
§ as a 
— = ——=(k* - 1 
a de 7a! Jes 
where 
ds* ko —1 


— = ——_. (4.3) 
The tangent isotropic vector of curve 6 can be expressed as follow 
e§ = —Vk* — le (4.4) 


Differentiating equation (4.4) with respect to pseudo arc length s, we obtain 


= Vk% — 1k%e? - hd + Vk% — leg. (4.5) 


Using definition, binormal vector field and pseudo curvature of isotropic Smarandache 


curve 6 are respectively, 


ee i(k)’ 5 
gai fw ve 1k%e Vcc +vk “Te s (4.6) 


and 


2 ko 
= ———————— (4.7) 
Vk% — 1k%e — as es + Vk% — le? 


{3 fe [v=o ey speed + VET ; 
ko 


Proposition 4.1 If 5 a isotropic Smarandache curves in C?, then k® = 1 


Proof Using equation (4.4) and definition isotropic curves, it is seen straightforwardly. 


Proposition 4.2 Let a = a(s) be a unit speed regular isotropic curve in C?, If 5 a isotropic 
cubic in C®, then pseudo curvature of a satisfies e§ =constant and e3 # 0. 


Proof It is seen straightforwardly from definition isotrobic cubic. 
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§5. efeses¥—Isotropic Smarandache Curves 


Definition 5.1 Let a =a(s) be a unit speed regular isotropic curve in C? and {e%, e$, e$} be 
its moving Cartan frame. Type-1 ef e-isotropic Smarandache curves can be defined by 


n(s*) = a (e% + ef +8). (5.1) 


V3 


Now, we can investigate Cartan invariants of efeSe§-isotropic Smarandache curves ac- 


cording to a = a(s). Differentiating equation (5.1) with respect to pseudo arc length s, we 


have dn ds* ; 
nV = ds* ae. = V3 [ik ey = i(k + Les + ie3] (5.2) 
and ds* i 
] 5 [a a a ed 
i = la = [ik et — i(k + ley + ies] 
where 
ds* V/1+ke 
= ——. (5.3) 
ds V3 
The tangent isotropic vector of curve 7 can be written as follow: 
n 1 1. 0 -/ 1,0 a a 
ef = a [ik ef — i(k™ + 1 ef + tes] (5.4) 


V1+ ke 
Differentiating equation (5.4) with respect to pseudo arc length s, we obtain 
ef = {(#4) [i (R%)' + (k* + 1)4] - (=) ins ee 
—) (4) ame + (he + 1] (RE) (he + u)} ef 
(4) +(a&) be 


Using definition, binormal vector field and pseudo curvature of isotropic Smarandache 


curve 7) are respectively 


(we) ee + +1y)- (AB) or sabes 
(74s) + (fe) feta 


Let ef = H(s) and ef = G(s) im this case, we have 


yn = GE(8))" (5.5) 
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Proposition 5.1 If 1 a isotropic Smarandache curves in C°, then k® # —1. 


Proof Using equation (5.4) and definition isotropic curves, it is seen straightforwardly. 


Proposition 5.2 Let a = a(s) be a unit speed regular isotropic curve in C?, If n a isotropic 


cubic in O?, then pseudo curvature of a satisfies e} =constant and e3 # 0. 


Proof It is seen straightforwardly from definition isotrobic cubic. 
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Abstract: In this paper, 2-pseudo neighbourly irregular intuitionistic fuzzy graph, 2- 
pseudo neighbourly totally irregular intuitionistic fuzzy graph are introduced and compared 
through various examples. A necessary and sufficient condition under which they are equiv- 
alent is provided. 2- pseudo neighbourly irregularity on some intuitionistic fuzzy graphs 
whose underlying crisp graphs are a cycle Cy, a Bi-star graph Bnjm, Sub(Bn,m), and a path 


P,, are studied. 


Key Words: Degree of a vertex in an intuitionistic fuzzy graph, d2-degree of a vertex in an 
intuitionistic fuzzy graph, total d2-degree, pseudo degree, pseudo total degree,neighbourly 


irregular intuitionistic fuzzy graph. 


AMS(2010): 05C12, 03E72, 05072. 


§1. Introduction 


The first definition of fuzzy graph was introduced by Kaufmann [9] in 1975, based on Zadeh’s 
fuzzy relations in 1965 ({17]). Atanassov [4] introduced the concept of intuitionistic fuzzy 
(IF) relations and Intuitionistic Fuzzy Graphs (IFGs). Parvathi and Karunambigai [12] intro- 
duced the concept of IFG elaborately and analyzed its components. S. Ravi Narayanan and 
S. Murugesan [13] introduced Pseudo Regular Intuitionistic Fuzzy Graphs. A. Nagoor Gani, 
R. Jahir Hussain and S. Yahya Mohamed [11] introduced Neighbourly Irregular Intuitionistic 
Fuzzy Graphs. Articles [4, 11, 12, 13] motivated us to introduce 2- pseudo neighbourly irregular 
intuitionistic fuzzy graph, 2- pseudo neighbourly totally irregular intuitionistic fuzzy graph and 
analyze some of its properties. 

In Section 2, we review some basic concepts and definitions. Section 3 deals with 2-pseudo 
neighbourly irregular intuitionistic fuzzy graphs and 2-pseudo neighbourly totally irregular in- 
tuitionistic fuzzy graphs. Comparative study between them is made and necessary and sufficient 


condition is provided. Section 4 deals with 2-pseudo neighbourly irregularity on cycle with some 


1Received May 26, 2016, Accepted November 4, 2016. 
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specific membership function. Section 5 deals with 2-pseudo neighbourly irregularity on bi-star 
graph B,, with some specific membership function. Section 6 deals with 2-pseudo neighbourly 
irregularity on subdivision of bi-star graph with some specific membership function. Section 7 
deals with 2-pseudo neighbourly irregularity on a path with some specific membership function. 

Throughout this paper, the vertices takes the membership value A = (11,771) and the edges 
takes the membership values B = (2,72). 


§2. Preliminaries 


We present some known definitions related to fuzzy graphs and intuitionistic fuzzy graphs for 
ready reference to go through the work presented in this paper. 


Definition 2.1((6]) A fuzzy graph G : (0,4) is a pair of functions (a, 4), where o : V [0,1] 
is a fuzzy subset of a non empty set V and w:V x V —/0, 1] is a symmetric fuzzy relation on 
a such that for all u,v in V, the relation (u,v) < o(u) A a(v) is satisfied. A fuzzy graph G is 
called complete fuzzy graph if the relation p(u,v) = a(u) A o(v) is satisfied. 


Definition 2.2([3]) An intuitionistic fuzzy graph with underlying set V is defined to be a pair 
G = (V, E) where 


(1) V = {v1, v2, U3,°°+ Un} such that wy: V — [0,1] andy: V — [0,1] denote the 
degree of membership and non-membership of the element v; € V, i = 1,2,3,---,n, such that 
0<pi(vi) +(vi) <1) 

(2) ECVxXV, where p2:VxV — [0,1] andy2:V x V — [0,1] are such that p2(vi,v;) < 
min{ p11 (v;), fi (v;)} and y2(vi, vj) < max{y1(vi), yi (v;)} and 0 < pa(vi, v7) + y2(vi, vj) < 1 for 
every (uj,v;) € E, i,j =1,2,--- ,n. 


Definition 2.3((8]) If ui,v; ¢ V C G, the p-strength of connectedness between two vertices v; 
and v; is defined as p3°(v;,v;) = sup{us(vi,v;) : k =1,2,--+,n} and y-strength of connected- 
ness between two vertices v; and v; is defined as yS°(vi,vj;) = inf{y&(u;,v;) +k =1,2,--+ ,n}. 

If u and v are connected by means of paths of length k then wk(u,v) is defined as sup 
{ 2(u, V1) A po (V1, V2) A+++ A pa (Up—1, V): (U, U1, V2,°°* ,Vk—-1,V) € V} and 78 (u,v) is defined as 
inf{ya(u, v1) A y2(U1, V2) A+++ A Y2(UR—-1, 0) 2 (U, U1, V2,°°* »Uk-1, 0) € VP. 


Definition 2.4([8]) Let G : (A,B) be an intuitionistic fuzzy graph on G*(V,E). Then the 
degree of a vertex v; € G is defined by d(v;i) = (dy, (vi), dy, (vi)), where dy, (vi) = YO p2(vi, v;) 
and dy, (vi) = >> y2(vi, v;), for (vi, vj) € E and p2(vi,v;) = 0 and y2(v;,v;) = 0 for (vi, v;) ¢ E- 


Definition 2.5((8]) Let G : (A,B) be an intuitionistic fuzzy graph on G*(V,E). Then the 
total degree of a vertex v; € G is defined by td(v;) = (tdy, (vi), tdy,(vi)), where tdy, (vi) = 
dpa (vi) + pa (vi) and td,, (vi) = dy (vi) + 1%). 


Definition 2.6([13]) Let G: (A,B) be an intuitionistic fuzzy graph. The membership pseudo 
degree of a verter u € G is defined as diq) pi (u) = - where t,, 18 the sum of membership degrees 
of vertices incident with verter u. The non-membership pseudo degree of a vertex u € G is 
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defined as diqyyi(u) = a where ty is the sum of non-membership degrees of vertices incident 


with vertex u and d; is the total number of edges incident with the vertex u. The pseudo degree 
of a vertex u€ G is defined as diq)(u) = (dia)Hi(u), diay (u)). 


Definition 2.7({13]) Let G: (A, B) be an intuitionistic fuzzy graph. The pseudo total degree of 
a verter u € G is defined as td(q)(u) = (td(q)f1(u), tdiayyi(u)) where tda)pi(u) = dia)pi(u) + 
Hi(u) and tdiayyi(u) = diayyi(u) + y1(u). It can also be defined as td(q)(u) = dia)(u) + A(w). 


Definition 2.8([13]) Let G: (A,B) be an intuitionistic fuzzy graph. The membership dz - 
eich) The non-membership 
dz-pseudo degree of a verter u € G is defined as d(a)(2)y1(u) = Xam 


pseudo degree of a vertex u € G is defined as d(q)(2)Mi(u) = 
where d; is the 
number of edges incident with the verter u. The dz - pseudo degree of a vertex u is defined as 


(a)(2) (U4) = (d(ay(2) Ha (%); A(ay(2y Va (%)). 


Definition 2.9([13]) Let G : (A,B) be an intuitionistic fuzzy graph. Then the d2-pseudo 
total degree of a vertex u € V is defined as td(a)(2)(u) = (td(a)(2) fi (tu), td(ay(2) V1 (u)), where 
td(a)(2) M1 (u) = d(a)(2)H1 (u) Hi (u) and 
td(a)(2) V1(u) = day2yV1(u) + Y1(u). Also it can be defined as td(a)(2)(u) = da)(2)(u) + A(w) 
where A(u) = (f41(u), 1 (u)). 


Definition 2.10({11]) Let G : (A,B) be an intuitionistic fuzzy graph. Then G is said to 
be neighbourly irregular intuitionistic fuzzy graph if every two adjacent vertices have distinct 


degrees. 


Definition 2.11([14]) Let G: (A, B) be an intuitionistic fuzzy graph. If d(a)(v) = (11,72) and 
d(a)(2)(V) = (C1, €2), then G is said to be ((r1, 72), 2, (C1, €2))- pseudo regular intuitionistic fuzzy 


graph. 


§3. 2-Pseudo Neighbourly Irregular Intuitionistic Fuzzy Graphs 


In this section, 2-pseudo neighbourly irregular and 2-pseudo neighbourly totally irregular intu- 
itionistic fuzzy graphs are defined. A necessary and sufficient condition under which they are 
equivalent is provided. 


Definition 3.1 Let G: (A,B) be a connected intuitionistic fuzzy graph. Then G is said to 
be 2-pseudo neighbourly irregular intuttionistic fuzzy graph if every two adjacent vertices of G 


have distinct dz-pseudo degrees. 


Example 3.2 Consider an intuitionistic fuzzy graph on G* : (V, E). 
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u(0.4, 0.5) 


x(0.4, 0.6) w(0.4, 0.6) 
Figure 1 
Here, d(q)(2)(u) = (0.3,0.55), d(a)(2)(v) = (0.33, 0.83), diay(2)(w) = (0.4, 0.8), diay(2) (a) = 
(0.35, 0.75) and d(a)2)(y) = (0.37, 0.87). 


So, every two adjacent vertices have distinct dg-pseudo degrees. Hence G is 2-pseudo 
neighbourly irregular intuitionistic fuzzy graph. 


Definition 3.3 If every two adjacent vertices of an intuitionistic fuzzy graph G : (A, B) have 
distinct dz -pseudo total degrees, then G is said to be 2-pseudo neighbourly totally irregular 


intuitionistic fuzzy graph. 
Example 3.4 Consider an intuitionistic fuzzy graph on G* : (V, E). 


u(0.3, 0.4) v(0.4, 0.4) w(0.5, 0.5) 
(0.2, 0.3) (0.3, 0.4) 


(0.4, 0.5) 


(0.3, 0.4) (0.2, 0.3) 


z(0.4, 0.6) y(0.5, 0.5) x(0.3, 0.5) 


Figure 2 
Here, td(a)(2) (u) = (0.8, 1.4), td(ay(2)(v) = (0.87, 1.13), td(a)(2)(w) = (1,1.5), td(a)(2) (x) = 
(0.8, 1.5), td(ay(2)(y) = (0.97, 1.43) and td(a)(2) (2) = (0.9, 1.6). 
So, every two adjacent vertices have distinct dg-pseudo total degrees. Hence G is 2-pseudo 


neighbourly totally irregular intuitionistic fuzzy graph. 


Remark 3.5 A 2-pseudo neighbourly irregular intuitionistic fuzzy graph need not be a 2-pseudo 
neighbourly totally irregular intuitionistic fuzzy graph. 


Remark 3.6 A 2-pseudo neighbourly totally irregular intuitionistic fuzzy graph need not be a 
2-pseudo neighbourly irregular intuitionistic fuzzy graph. 
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Proposition 3.7 If the membership value of the adjacent vertices are distinct, then ((11, 12), 2, (C1, C2))- 
pseudo regular intuitionistic fuzzy graph is 2-pseudo neighbourly totally irregular intuitionistic 


fuzzy graph. 


Proof The proof is obvious. 


Theorem 3.8 Let G : (A,B) be an intuitionistic fuzzy graph on G* : (V,E). If G is a 2- 
pseudo neighbourly irregular intuitionistic fuzzy graph and A is a constant function, then G is 
a 2-pseudo neighbourly totally irregular intuitionistic fuzzy graph. 


Proof Let G: (A, B) be a 2-pseudo neighbourly irregular intuitionistic fuzzy graph. Then 
the dg- pseudo degree of every two adjacent vertices are distinct. Let u and v be two adjacent 
vertices with distinct dz -pseudo degrees. This implies that d(q)(2)(u) = (ki, k2) and d(a)(2)(v) = 
(kz, ka), where ky A kg, ky A kg and A(u) = A(v) = (c1,c2), a constant where c),c2 € [0,1]. 
Suppose td(q)(2)(u) = tdiay(2)(v) = Aaya) (u) + A(u) = d(ay(ay(v) + A(v) = (ki, ke) + (C1, €2) = 
(k3,ka) + (€1,€2) = (ki, k2) = (k3,ka), which is a contradiction. So, td(a)(2)(u) # td(a)(2)(v)- 
Hence any two adjacent vertices u and v with distinct d2- pseudo degrees have their d2- pseudo 
total degrees distinct, provided A is a constant function. This is true for every pair of adjacent 


vertices in G. Hence G is 2-pseudo neighbourly totally irregular intuitionistic fuzzy graph. 


Theorem 3.9 Let G: (A, B) be an intuitionistic fuzzy graph on G* : (V, E). If G is a 2-pseudo 
neighbourly totally irregular intuitionistic fuzzy graph and A is a constant function, then G is 
a 2-pseudo neighbourly irregular intuitionistic fuzzy graph. 


Proof Let G : (A, B) be a 2-pseudo neighbourly totally irregular intuitionistic fuzzy graph. 
Then the dg-pseudo total degree of every two adjacent vertices are distinct. Let u and v be two 
adjacent vertices with dz -pseudo degrees (k1,k2) and (k3, ka). Then d(q)(2)(u) = (k1, k2) and 
d(a)(2)(v) = (k3,ka). Given that A(u) = A(v) = (ci,¢2), a constant where c1,c2 € [0,1] and 
td(a)(2)(u) A tdcay(2y(v). Since, td(qy(2)(u) F td(ayay(v) = d(ay2y(u) + Alu) F diay(ay(v) + A(r) 
> (ki, kg) + (C1, C2) # (kg, ka) + (c1, C2) => (k1, ke) F (kg, ka) => d(a)(2) (u) x d(a)(2)(v). Hence 
any two adjacent vertices u and v with distinct d2- pseudo total degrees have their d2- pseudo 
degrees distinct, provided A is a constant function. This is true for every pair of adjacent 


vertices in G. Hence G is 2-pseudo neighbourly irregular intuitionistic fuzzy graph. 


Remark 3.10 Let G : (A,B) be an intuitionistic fuzzy graph on G* : (V,E). Theorems 
3.8 and 3.9 jointly yield the following result. If A is a constant function, then G is a 2-pseudo 
neighbourly totally irregular intuitionistic fuzzy graph if and only if G is a 2-pseudo neighbourly 


irregular intuitionistic fuzzy graph. 


Remark 3.11 Let G: (A, B) be an intuitionistic fuzzy graph on G* : (V, F). If G is both 2- 
pseudo neighbourly irregular intuitionistic fuzzy graph and G is a 2-pseudo neighbourly totally 


irregular intuitionistic fuzzy graph. Then A need not be a constant function. 


§4. 2-Pseudo Neighbourly Irregular Intuitionistic Fuzzy Graph on a Cycle with 
Some Specific Membership Functions 


In this section, Theorems 4.1 and 4.4 provide 2-pseudo neighbourly irregularity on intuitionistic 
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fuzzy graph G : (A, B) on a cycle G* : (V, E). 


Theorem 4.1 Let G: (A, B) be an intuitionistic fuzzy graph on a cycle G* : (V, E) of length n. 
If the values of the edges e1,€2,€3,°** ,@n are respectively (c1, k1), (c2, k2), (c3, k3),+-+ 5 (Cn; Kn) 
such that c, < ci41 and ky > ki4i, fori = 1,2,---,n—1, then G is a 2-pseudo neighbourly 
irregular intuitionistic fuzzy graph. 


Proof Let G : (A,B) be an intuitionistic fuzzy graph on a cycle G* : (V, E) of length n. 
Let €1, €2,€3,°-* ,€n be the edges of the cycle of G* in that order. Let the values of the edges 
€1, €2,€3,°** ,€n be (C1, kx), (C2, ke), (c3,k3),°++ 5 (Cn, kn) such that c; < cj41 and ky > kj+1 for 
7=1,2,---,n-1 


da) or (v1) = {Ha(er) A wa(e2)} + {ua(en) A H2(en—1)} 
= {cr A co} + {cn A Gai} 


= C1 + Cn-1- 


d(2) 1 (v2) = {H2(e1) A f2(en)} + {u2(e2) A p2(es)} 
= {c, A cn} + {c2 Acs} 


= C1 + Co. 
For i = 3,4,5,--- ,n—1, 
(2) Hi (vi) = {Ha(ei-1) A M2 (ei—2)} + {H2(ei+1) A Hale) } 


{ci-1 A G2} + {a A Cini} 


= Gj-9 + Gj: 


d2)H1 (Un) = {H2(e1) A Halen) } + {H2(en—1) A Halen-2)t 
= {ca x Cn} + tena A Cn—2} 


= C1 + Ch_-2- 


cay ya (v1) = {72(e1) V y2(e2)} + {r2(€n) V 72(€n-1)} 
= {ky V ko} + {kn V kn_1} 
= ky + kin—1.- 


diay V1 (v2) = {y2(e1) V V2(en) } + {72(e2) V y2(e3)} 
= {ki V kn} + {ko V ka} 
= ky +k. 
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For 7 = 3,4,5,--- ,n—1, 


yaya (vi) = {72(es-1) V Y2(ei-2) f + {72(ei41) V Y2(e)} 
= {ki_1 V ki_o} + {ki V kisi} 
= a) + kj. 


di2y71(tn) = {y2(e1) V y2(en)} + {72(€n—1) V Y2(en—2)} 
= {ki A kn} le {kn-1 A kin—2} 
= ky + kn_2. 


Every two adjacent vertices have distinct dg-pseudo degrees. Hence G is a 2- pseudo 


neighbourly irregular intuitionistic fuzzy graph. 


Remark 4.2 Even if the values of the edges e€1, €2, €3,...,@n are respectively (c1, k1), (c2, ka), 
(c3,k3),-++ , (Cn; kn) such that ¢; < ci41 and kj > kiqa for i = 1,2,---,n—1 then G need not 
be 2- pseudo neighbourly totally irregular intuitionistic fuzzy graph. 


Theorem 4.3 Let G: (A, B) be an intuitionistic fuzzy graph on a cycle G* : (V, E) of length n. 
If the values of the edges e1,€2,€3,°** ,@n are respectively (c1, k1), (c2, kz), (c3, k3),-°+ 5 (Cn; Kn) 
such that c; > ci41, and ky < ki41, fori = 1,2,---,n—1, then G is a 2-pseudo neighbourly 
irregular intuitionistic fuzzy graph. 


Proof Let G : (A,B) be an intuitionistic fuzzy graph on G* : (V,E) of length n. Let 
€1,€2,€3,°°* ,@n be the edges of the cycle G* in that order. Let the values of the edges 
€1, €2,€3,°** ,€n be respectively (ci, k1)(c2, k2), (c3,k3),+++ 5 (Cn, kn) such that c; > cj+1 and 
ky < ki4. fori =1,2,---,n-—1, 


(2) f1(¥1) = {Ha(er) A Ha(e2)} + {u2(en) A H2(en-1)} 
= {e, Aca) + {ey Acai} 
= Cet Cn. 

(2) 1 (V2) = {Ha(e1) A Halen) } + {H2(e2) A H2(es)} 
= {¢e; Aca} +4 Ac} 


= Cy, CB. 
For (3 <i<n-1), 
da) M1 (vi) = {H2(ei-1) A f2(ei—2)} + {Ha(ei+i) A H2(ex)} 


= {e-1NG_a} + {aA cai} 


= G1 + Ci41- 
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2) Ha (Yn) = {H2(e1) A H2(en) t + {Ha(en—1) A H2(en—2)} 
— {ca x Cn} oF {Cn—-1 A Cn—2} 


= Cn + Cn-1- 
Now 


diay Vi (v1) = {y2(e1) V yo(e2)} + {72(en) V Y2(€n-1)} 
= {ky V ko} + {kn V kn—1} 
=kotkn.- 
di2y71(v2) = {y2(e1) V Ya(en)} + {y2(e2) V ya(e3)} 
= {ki V kn} + {ko V ka} 
= ky + ks. 


For 3<i<n-1, 


diay V1 (vi) = {72 (es-1) V Y2(es-2)} + {72 (ei4+1) V yo(ex)} 
= {ki_1 V ki-2} + {ki V kina} 
= ki + ki4t. 

diay (Un) = {y2(€1) V Y2(en)} + {y2(en—1) V Y2(en—2)} 
= {ki V kn} + {kn-1 V na} 
= ky + kn-1. 


Here, Every two adjacent vertices have distinct d2- pseudo degrees. Hence G is 2-pseudo 


neighbourly irregular intuitionistic fuzzy graph. 


Remark 4.4 Even if the values of the edges e1, e2, €3,--+ ,€n are respectively (c1, k1), (c2, ka), 
(c3,k3),-++ , (Cn, kn) such that ¢; > ci41 and ky < kj41, for? = 1,2,--- ,n—1, then then G need 
not be 2-pseudo neighbourly totally irregular intuitionistic fuzzy graph. 


Remark 4.5 Let G: (A, B) be an intuitionistic fuzzy graph on a cycle G* : (V, F) of length n. 
If the values of the edges e1, e2, €3,-++ ,€n are respectively (c1, ky), (c2, k2), (e3, ks), +++ » (Cn, kn) 
are all distinct, then G need not be 2-pseudo neighbourly irregular intuitionistic fuzzy graph. 


§5. 2-Pseudo Neighbourly Irregular Intuitionistic Fuzzy Graph on a 
Bi-star By, m(m #n) with Specific Membership Functions 


In this section, Theorems 5.1 and 5.6 provide 2-pseudo neighbourly irregularity on intuitionistic 
fuzzy graph G: (A, B) on G* : (V, EF) which is a Bistar By (m4 n). 


Theorem 5.1 Let G: (A,B) be an intuitionistic fuzzy graph on G* : (V,E) which is a Bi-star 


Bum(m # n). If B is a constant function, then G is 2-pseudo neighbourly irregular intuitionistic 
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fuzzy graph. 


Proof Let v1, v2,U3,°-+ ,Un be the vertices adjacent to the vertex x and uj, U2, U3,°°* ;Um 
be the vertices adjacent to the vertex y and xy is the middle edge of Ko. Since B is a constant 
function, then B(uv) = (c1,¢2), a constant for all wv € E. So, dig)(vi) = n(e1,c2), (1 < 
i<n—1), da(x) = m(ci,c2), day(y) = n(ci,e2) and dy(ui) = m(ci,c2), (1 < i < m). 
Then, d(a)(2)(vi) = M(ci,¢2), (lL St S< n—1), dayay(e) = n(e1,¢2), Aayay(y) = Mer, €2) 
and d(a)(2)(ui) = n(c1,c2), A < i < m). Hence diay(2)(vi) F diayi2)(x), (1 < i < n) and 
d(a)(2)(@) A da)(2) (y) and dia) (2) (wi) F diay(2y (y), (A < i < m). Hence G is 2-pseudo neighbourly 


irregular intuitionistic fuzzy graph. 


Remark 5.2 Even if B is a constant function, then G' need not be 2-pseudo neighbourly totally 


irregular intuitionistic fuzzy graph. 


Remark 5.3 Converse of Theorem 5.1 need not be true. 


Theorem 5.4 Let G : (A,B) be an intuitionistic fuzzy graph on G* : (V,E) which is a 
Bi-star Bnm(m # n). If the pendant edges have the same membership values less than or 
equal to membership value of the middle edge and same non-membership values greater than or 
equal to non-membership value of the middle edge, then G is a 2-pseudo neighbourly irregular 


intuitionistic fuzzy graph. 


Proof Let v1, v2,U3,°-: ,Un be the vertices adjacent to the vertex x and uj, U2, U3,°°* ,;Um 
be the vertices adjacent to the vertex y and xy is the middle edge of Ko. If the pendant edges 
have the same membership value then 


Ci if e; is an pendant edge. ky, if e; is an pendant edge. 
io(€i) = te ya(ei) = EB a Sess 
C2, if e; is an middle edge. ko, if e; is an middle edge. 


If c, = cg and ky = kg then B is a constant function. By Theorem 5.1, G is a 2-pseudo 
neighbourly irregular intuitionistic fuzzy graph. 

If cy < Ca, and ky > ko, then diz) (vi) = n(c1, k1), (1 < a =< n), d(2) (x) = mci, ky), di2y(y) = 
n(c1,k1), and dig) (ui) = m(c1, 1), (1 <4 < m). 

Also, d(a)(2) (vi) = m(c1, k1), (1 <7 <n), diay(2)(X) = n(e1, k1), diay(2) (y) = mer, k1), and 
d(a)(2) (wi) = n(c1, k1), (1 <i < my). 


Hence diqa)(2) (vi) # diay(2) (z),(1 < i <n), dayi2y(z) F dayay(y), Aaya) (ui) F Aay(2y(y), 
(1 <i < m) and G is a 2-pseudo neighbourly irregular intuitionistic fuzzy graph. 


Remark 5.5 Even if the pendant edges have the same membership values less than or equal to 
membership value of the middle edge and same non-membership values greater than or equal 
to membership value of the middle edge, then G need not be 2-pseudo neighbourly totally 


irregular intuitionistic fuzzy graph. 
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§6. 2-Pseudo Neighbourly Irregular Intuitionistic Fuzzy Graph on Sub(B,,,,,) with 
Specific Membership Functions 


In this section, Theorem 6.1 provides a condition for 2-pseudo neighbourly irregularity on 
intuitionistic fuzzy graph G' : (A, B) on G* : (V, E), Sub(Bnm),n,m > 3. 


Theorem 6.1 Let G : (A,B) be an intuitionistic fuzzy graph on G* : (V,E) which is a 
Sub(Brm),n,m > 3. If B is a constant function, then G is 2-pseudo neighbourly irregular 


intuitionistic fuzzy graph. 


Proof Let v1, v2,U3,°-+ ,Un be the vertices adjacent to the vertex x and uj, U2, U3,°°* ,;Um 
be the vertices adjacent to the vertex y and wy is the middle edge of K2. Subdivide each edge 
of Brim. 

Then the additional edges are rw;, wiv; (1 <i <n) and yt;, tiu; (1 < 7 <n) and two more 
edges xs, sy. 

If B is a constant function say B(uv) = (ci, c2), for wu € E. 


Case 1. Ifn #™m, then dig)(v%) = (ci,c2), (1 <i < n), dia)(wi) = n(ci,c2), I <i <n), 
diz) (x) = (n + 1)(e1, c2), day(s) = (m+n) (cr, 2), day (y) = (M+ 1) (er, €2), diay (ti) = M(C1, €2), 
(1 <i <m), and di)(us) = (€1, €2), ! <i<m). 

Hence we have, d(a)(2)(vi) # da)(2)(wi), (1 < i < nm) and diay2)(wi) F da)(2) (x), (A < 
in), day2)(x) F dayay(s), Aay2 ve \ F Aay(2)(y), C€ay(2) (ti) F Aaya) (y), (1 < t < m), and 
d(a)(2) (ti) F A(ay(2) (Ui), a <i<m). 

Hence G is a 2-pseudo neighbourly irregular intuitionistic fuzzy graph. 


Case 2. If mn =m, then dig)(vj) = (c1,¢2), (1 <7 < n), diay(wi) = n(c1,c2), (1 <4 
diay(w) = (n + 1)(cr02), day(s) = (2n)(cr, €2), deayly) = (n+ 1)(er, c2), deay(ti) = (cr, c2), 
(1<i<n), and diz )(u ui) = (C1,€2), 1<i<n). 

Hence we have, a us F day2)(wi), I St <n), daya)(wi) F Aaya (Z), (I Si <n), 
d(a)(2)(@) F Aay(2)(8), Uayc2) (8) F Aayay(¥), Aaya) (ti) F Aayay(y), (1 St < mM), Aaya) (ti) F 
an (u;), (l<i< ihe 2 

Hence G is a 2-pseudo neighbourly irregular intuitionistic fuzzy graph. 


Remark 6.2 Even if B is a constant function, then G need not be 2-pseudo neighbourly totally 


irregular intuitionistic fuzzy graph. 


Remark 6.3 Converse of the Theorem 6.1 need not be true. 


§7. 2-Pseudo Neighbourly Irregular Intuitionistic Fuzzy Graph on a Path of n 
Vertices with Specific Membership Functions 


In this section, Theorems 7.1 and 7.4 provides a condition for 2-pseudo neighbourly irregularity 
on intuitionistic fuzzy graph G: (A, B) on a path G* : (V, F) on n vertices. 


Theorem 7.1 Let G: (A, B) be an intuitionistic fuzzy graph on a path G* : (V, E) on n vertices. 
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If the membership values of the edges €1, €2,€3,°** ,€n—1 are respectively C1, C2, C3,°+* ,Cn—1 such 
that cy < c2 < ¢3 < +++ < Gp_-1, and non-membership values of the edges €1,€2,€3,---,€n—1 
are respectively ky, k2,k3,--- ,kyn—1 such that ky > kg > k3 > +++ > kyn_1, then G is a 2-pseudo 


neighbourly irregular intuitionistic fuzzy graph. 


Proof Let G: (A, B) be an intuitionistic fuzzy graph on a path G* : (V, F) on n vertices. 


Let e1, €2, €3,°** ;€n—1 be the edges of the path G* in that order. Let membership value of the 
edges €1, €2,€3,°** ,€n—1 be respectively c1, c2,¢3,°++ ,€n—1 Such that cy, < cg < ¢3,°++ ,< n-1 
and non-membership values of the edges e1, €2, €3,--+ ,€n—1 are respectively ky, ko, k3,--- ,kn—1 


such that ky > ko > kg >+++ > kn_1. 


d(2) (v1) = {(H2(e1) A Ha(e2), y2(e1) V yale2)} = {er A C2, ki V ko} = (cr, ki). 
d(2) (v2) = {(H2(e2) A Hales), y2(e2) V ¥3(e2)} = {e2 A C3, ko Vk} = (ca, ka). 
For 3<i<n- 2, 
dia)(vi) =  {{u2(es-1) A M2 (ei—2) } + {Ha(ei) A Haleisi)}, {y2(ei-1) A Y2(ei-2)} 
+{y2(e:) A ya(ei4i)}} = (Ci-g + Gi, ki-2 + hi). 
di2)(Un-1) = {H2(€n—3) A H2(en—2)}, {92(en—3) A Y2(€n—-2)} 
= {n—3 A Cn—2, kn—3 A kn—2} = (Cn—3, kn—3)- 
di2)(Un) =  {Ha(en-1) A H2(en-2)$; {92 (en-1) A Y2(en-2)} 


= {en 1A Cn 2, kn 1N\kn 2} = (Cn—2, kn—2). 


So, every two adjacent vertices have distinct d2- pseudo degrees. Hence G' is a 2-pseudo 


neighbourly irregular intuitionistic fuzzy graph. 


Remark 7.2 Even if the membership values of the edges e€1, €2,€3,:++ ,€n—1 are respectively 
C1, €2,€3,°°* ,€n—1 Such that cy < cg < cg < +++ < Gn— 1 and non-membership values of the edges 
€1, €2,€3,°** ,€n—1 are respectively ky, k2,k3,--- ,kn—1 such that ky > ko > kg > +--+ > ky_1. 


then G need not be 2-pseudo neighbourly totally irregular intuitionistic fuzzy graph. 


Theorem 7.3 Let G : (A, B) be an intuitionistic fuzzy graph on G* : (V, E), a path on n vertices. 
If the membership values of the edges €1, €2,€3,°** ,€n—1 are respectively C1, C2,C3,°°* ,Cn—1 such 
that cy > C2 > ¢3 > +++, > Cn—-1 and non-membership values of the edges €1, €2,€3,°** ,€n—1 
are respectively ky, k2,k3,--- ,kyn—1 such that ky < kg <k3 < +++ < ky_1. then G is a 2-pseudo 


neighbourly irregular intuitionistic fuzzy graph. 


Proof Let G : (A, B) be an intuitionistic fuzzy graph on G* : (V, E) is a path on n vertices. 
Let €1, €2, €3,°+* ,@€n—1 be the edges of the path G* in that order. Let membership values of the 
edges €1, €2, €3,°°* ,@n—1 are respectively C1, C2,C3,---,;Cn—1 Such that cy > cg > c3 > +++ > Cn-1 


and non-membership values of the edges e1, €2, €3,--- ,€n—1 are respectively ky, ko, k3,--- ,kn—1 
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such that ky < kp < k3 < +++ < Kn_1. 


diay(v1) = {(ua(er) A p2(e2), y2(e1) A y2(e2))} = {er A C2, ki V ko} = (2, ko). 
diay(v2) = {(p2(e2) A H2(es), Y2(e2) A y2(e3))} = {e2 A c3, ko V ks} = (cs, ks). 


For 3<i<n-2, 


dia)(vi) = {ua(ei—1) A Mo(ei—2)} + {ua(es) A ma(eig1)} + {y2(ei-1) A Y2(ei—-2)} 
+{ya(ez) A-ya(esti)} = (G1 +42, Bia + hig) 
di2)(Un-1) = {pa(en—3) A H2(€n—2), Y2(€n—3) A Y2(€n—2)} = {En—3 A Cn—2, kn—3 A kn—2} 
(Gi 295 kin—2). 
di2)(Un) = {pa(en—1) A H2(en—2), Yo(en—1) A Y2o(en—2)} = {en—1 A Cn—2, kn—1 A kn—2} 
= (Cn-1, Kai) 


Every two adjacent vertices have distinct d2-pseudo degrees. Hence G is a 2-pseudo neigh- 


bourly irregular intuitionistic fuzzy graph. 


Remark 7.4 Even if the membership values of the edges e€1, €2,€3,:++ ,€n—1 are respectively 
C1, €2,€3,°°* »Cn—1 Such that cy > co > c3 > +--+, > Cy—1 and non-membership values of the 
edges €1, €2,€3,°** ,€n—1 are respectively ky, ko,k3,--- ,kpn—1 such that ky < kg < kg < +++ < 
kin —1. then G need not be 2-pseudo neighbourly totally irregular intuitionistic fuzzy graph. 
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Abstract: In this paper, we present a generalization of two variables of the Alexander 
polynomial for a given oriented knot diagram. We define the Alexander polynomial of two 
variables by an easy method which will be achieved as a result of the interpretation of 
the crossing point as a particle with input-output spins in the mathematical physics. The 
classical Alexander polynomial is the case of one of the variables to be equal to 1 in the 


Alexander polynomial of two variables. 
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§1. Introduction 


A knot polynomial is a knot invariant in the form of a polynomial whose coefficients encode 
some of the properties of a given knot. The Alexander polynomial is the first knot polynomial. 
It was introduced by J. W. Alexander in 1928 ([1]). 

There are several ways to calculate the Alexander polynomial. One of them is the procedure 
given by Alexander in his paper [1]. This procedure is briefly as follows: Given an oriented 
diagram of the knot with n crossings. There are n + 2 regions bounded by the knot diagram. 
The Alexander polynomial is calculated by using a matrix of size n x (n+ 2). The rows of the 
matrix correspond to crossings, and the columns to the regions. Another one is to calculate 
from the Seifert matrix ({2]). The Alexander polynomial can also be calculated by using the 
free derivative defined by Fox [3,4]. 

Other knot polynomials were not found until almost 60 years later. In the 1960s, J.Conway 
came up with a skein relation for a version of the Alexander polynomial, usually referred to as 
the AlexanderConway polynomial [5]. The significance of this skein relation was not realized 
until the early 1980s, when V. Jones discovered the Jones polynomial [6,7]. This led to the 
discovery of more knot polynomials, such as the so-called Homfly polynomial [8]. The Homfly 
polynomial is a generalization of the AlexanderConway polynomial and the Jones polynomial. 
Soon after Jones’ discovery, Louis Kauffman noticed the Jones polynomial could be computed 
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by means of a state-sum model, which involved the bracket polynomial, an invariant of framed 
knots [9-13]. This opened up avenues of research linking knot theory and statistical mechanics. 

In recent years, the Alexander polynomial has been shown to be related to Floer homol- 
ogy. The graded Euler characteristic of the knot Floer homology of Ozsvath and Szabd is the 
Alexander polynomial [14,15]. 

In this paper, we work on a generalization of two variables of the Alexander polynomial. 
We define the Alexander polynomial of two variables by an easy method. In the method, the 
Alexander polynomial of two variables is calculated by using a matrix of size n x n. The rows 
of the matrix correspond to crossings of the oriented diagram of the knot with n crossings, and 
the columns to the arcs. The classical Alexander polynomial is the case of one of the variables 
to be equal to 1 in the Alexander polynomial of two variables. 


§2. Alexander Polynomial of Two Variables 


A link K of k components is a subset of R? C R?U {oo} = S%, consisting of k disjoint piecewise 
simple closed curves; a knot is a link with one component. In fact, two knots (or links) in R? 
can be deformed continuously one into the other if and only if any diagram of one knot can 
be transformed into a diagram for the knot via a sequence of the Reidmeister moves formed in 
Figure 1. The equivalence relation on diagrams that is generated by all the Reidmeister moves 
is called ambient isotopy. In the study, the word knot will be used instead knot and link. 


OTE BIOR ARK 
; L i a 


I fi Tr 
L 


Figure 1 


The first Reidemeister move: I < Ip or I* < Ip;The second Reidemeister move: 
L <= Lp or L* — Lp and the third Reidemeister move: T <> T”. 


Let K be an oriented knot diagram with n crossings. Three arcs of the curve of the oriented 
diagram K encounters at a crossing. One of these arcs is overpass arc and the other two are 
underpass arcs that follow one another at the crossing point. Let c; denote the ith crossing of 
the oriented diagram K’, i = 1,2,---,n. We assume that the arcs s;, s; and sz; are encounter 


at the crossing c;, see Figure 2. 


Figure 2 Crossings with positive sign (a) and negative sign (b) 
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In mathematical physics if we interpret the crossing point as a particle with incoming spins 
s;, 8; and outgoing spins s,, sz for the crossing in Figure 2a, then an associated mathematical 
expression to the crossing point can be regarded as the probability amplitude for this particular 
combination of spins in and out [13]. We can make a similar comment for the crossing in Figure 
2b, For now it is convenient to consider only the spins. The conservation of spin suggests the 
rule that 


Si + S$; = 5; + Sx. 


If x and y are algebraic variables, then 
rsy+ Y8j — £8; — Y8k = LS; + (y — L)S; — YSk = 0 


is a assigned equation to the crossing in Figure 2a. With the same thought, we can assign an 
equation to the crossing in Figure B. We say the above equation, the crossing equation. 


By assigning a crossing equation for each crossing of the oriented diagram K we have a 


homogeneous system of n equations in n unknowns, and call diagram equation. 


Since there are three unknowns (arcs) in a crossing equation, we get zero the coefficient 
of (n — 3) arcs that are not in this crossing equation. Thus, we obtain a coefficients matrix 
M of size n x n of the diagram equation. It is easy to see that the determinant, |M], of the 


coefficients matrix M is zero. 


We may then regarded the matrix M as having entries in the ring Z[z,2~!, y, y~+] along 
with its subring Z[x, y] has the property that any finite set of elements has a greatest common 
divider. Any integer domain with these properties is called a greatest common divider. De- 
terminants of the minors of size (n — 1) x (n — 1) of the matrix M are equal with multiplying 


+Fa'y!', k,l € Z that has the greatest common divider. 


Definition 2.1. We will call the Alexander polynomial of two variables that is the greatest 
common divider of determinants of minors of size (n—1) x (n—1) of the matrix M and we'll 
denote it by V(a, y). 


If Vx, (x,y) and Vx,(x,y) are polynomials that are equal with such a factor, we write 
Vn, (t,y) = Vx.(x,y). Any one of the minors of size (n — 1) x (n — 1) of M can be taken 
to be a presentation matrix for V(a,y) and its determinant can be taken to be V(a,y) with 
multiplying by #2"y', k,l € Z, see [4,16]. 


Example 2.2 We now calculate the Alexander polynomial of two variables of the trefoil knot 
as an example. Let K be the right-hand diagram trefoil knot drawn in Figure 3. The diagram 
equation of the knot K is as follows: 


183 + YS2 — 82 — ys) = —ys1 + (y— @)sg + 83 = 0 
uso + Ys, — £81 — ys3 = (y— @)51 + @82 — ys3 = 0 


v8, + Y83 — ©83 — YS2 = £81 — yso + (y—x)s3 = 0 
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5; C S; 


Figure 3 The right-hand trefoil knot. 


The coefficients matrix Mx of size 3 x 3 of this diagram equation is 


The determinant, |M);,| of the coefficients matrix Mx is zero. Hence, any one of the minors 
of size 2 x 2 of the matrix Mx, for instance, Vi, is a presentation matrix and its determinant 
is |Vi1| = —2? + xy — y?. Thus, the Alexander polynomial of two variables for the knot K; 
Vk(a,y) = 2" —ayty?. 

We have Vx(z,1) = 2? —2+4+1 for y=1 (or Vx(1,y) =1—y+y? for x = 1). It is the 
classical Alexander polynomial of the trefoil knot. 


The following theorem gives that the Alexander polynomial of two variables is an invariant 
of the knot. 


Theorem 2.3 If K is an oriented knot diagram, then the Alexander polynomial of two variables, 


Vx«(x,y), of the knot K is an invariant of ambient isotopy. 


Proof In order to prove that the Alexander polynomial is an invariant of ambient isotopy, 
we must investigate the behavior of V« (x,y) under the Reidemeister moves given in Figure 1. 


Here, we shall investigate the behavior of V« (x,y) under the diagrams given in Figure 4. 


Sis 


Figure 4 


Diagrams for the proof of Theorem 2.3. For the first Reidemeister move: K + Ky; 
for the second Reidemeister move: K < Ko; for the third Reidemeister move: K — K3. 
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Let K be the oriented knot diagram with n crossings given in Figure 4. The diagram 
equation of the knot K is as follows: 


LSn—-1 + YSn—-3 — TSn-3 — YSn = (Y—2)Sn-3+7Sn-1—YSn = 0 


L8n—-3 + YSn — L8n —YSn-2 = L8n-3 — YSn-2 + (yY—-L)sn = O 


The coefficients matrix Mx of size n x n of this diagram equation is 


Mx = |... y-x O uw -y 
x -y 0 y-2@ 


Thus, any one of the minors of size (n — 1) x (n — 1) of the matrix Mx, for instance, 
Vii is a presentation matrix and its determinant |Vii1| = V«(z,y) with multiplying by =a2*y!, 
k,le Z. 


Case 1. The behavior of Vx(z,y) under the first Reidemeister move 


The diagram equation of the diagram Ky, with (n + 1) crossings given in Figure 4 is as 
follows: 


LSn—-1 + YSn—-3 —USn-3—YSn = (y—X)8n-3 + 2Sn-1—YSn = OO 


L8n—3 + YSn41 — LSn41 — YSn—-2 = L8n-3 — YSn-2 + (yY—-2)Sn41 = O 


LS8n + Y8n — C8n41 — YSn LSn — L8Sn41 = 0 


Hence, we have the following coefficients matrix Mx, of size (n—1) x (n—1) of the diagram 


equation. 
Mx, = y-x O «@ -y 0) 
1 
x -y 0 0 y-Z 
0 0 O «& —2x 
_ y-x OO & -y 0 
x —-y O y-a@ y-2 
0 0 0 0 —2£ 
Since |Mx,| = —2|Mx| = 0, the minors of size (n — 1) x (n— 1) of Mx, are equal the 


corresponding minors size (n — 1) x (n— 1) of Mx and hence, Vx (x,y) = Vx, (x,y). In that 
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case V x(a, y) is unchanged under the first Reidemeister move. 
Case 2. The behavior of Vx(z,y) under the second Reidemeister move 


We obtain the following diagram equation from the diagram Ky with (n + 2) crossings 


given in Figure 4. 


LSn—-1 + YSn—-3 — TSn-3 —YSn = (Y—2)Sn-3+2Sn-1—YSn = 0 
LSn—-3 + YSn — L8n —YSn—-2. = LSn-3 — YSn-2 + (yY—-L)sn = O 
L8n + YSn—-2—US8n41—YSn = YSn-2+(€@—-—Y)$Sn —T5n41 = O 
USn41 + YSn — L8n — YSn42 = (y a L)S8n + @8n41—-YSn42 = O 


The coefficients matrix Mx, of size (n + 2) x (n + 2) of the diagram equation of A’ here 


is as follows. 


wae Ye 0 & -y 0 0 

Mx, = |... x -y 0 y-ax 0 0 
0) 0 «-y -«x 0 

0 0 O y-x «& -y 

y-c 0 @ -y 0 0 

= oe -y 0 y-x 0 0 

0 y 0 «-y -« 0 

0 y O 0 0 -y 


Since |Mx,| = ry|Mx| = 0, the minors of size (n — 1) x (n— 1) of Mx, are equal the 
corresponding minors size (n — 1) x (n—1) of Mx and Vx«(a2,y) = Vrz,(a,y). Thus V« (2, y) 
is unchanged under the second Reidemeister move. 


Case 3. The behavior of Vx(z,y) under the third Reidemeister move 


We have the following diagram equation from the diagram K3 with (n+ 1) crossings given 


in Figure 4. 
L8n-1 + Y8n — £8n—YSn41 = C8n1+(y—2£)8,.—-—YSn41 = 0 
L8n—3 + Y8n — £8n—YSn-2 = L8n_-3— YSn_2t+(y—2)sn = OO 
LSn41 + YSn—-2 —USn-2—YS8n = (Y—2)Sn-2—YSn4+25n41 = 0 


The coefficients matrix Mx, of size (n+ 1) x (n+ 1) of the diagram equation of A’3 here 
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is as follows. 


Me = 0 0 £ y-xn -y 
x -y O y-a« O 
0 y-x 0 -y x 
_ y-x OO e& -y “&-yY 
x -y 0 y-2 0 
0 0 0 0 x 
Since |Mx,| = t|Mx| = 0, the minors of size (n — 1) x (n — 1) of Mx, are equal the 


corresponding minors size (n — 1) x (n—1) of Mx and Vx(z,y) = Vx, (x,y). So Vx (2, y) is 


unchanged under the third Reidemeister move. Thus proof is completed. 


It is easy to see that, in present of the first and the second Reidemeister moves, the diagram 


Ks in Figure 4 is equivalent to the third Reidemeister move, see Figure 5. 


BP Hp wv he + A 


Figure 5 Equivalence of K to K3 under the third Reidemeister move. 


There are different variants, depending on orientation, of the diagrams in Figure 4. The- 
orem 2.1 can also be proved in the same way for these variants of the diagrams. All possible 


variants of the diagrams used in the proof of Theorem 2.1 is drawn in Appendix. 


PP ppp tp 
apie peep tb 


K* i Gea ce’ KS Os K,* A 


Appendix 


Figure 6 
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Abstract: In this study, we introduce new Smarandache curves of a spacelike curve ac- 
cording to the Bishop frame of type-2 in E?. Also, Smarandache breadth curves are defined 
according to this frame in Minkowski 3-space. A third order vectorial differential equation 


of position vector of Smarandache breadth curves has been obtained in Minkowski 3-space. 
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§1. Introduction 


Bishop frame extended to study canal and tubular surfaces [1]. Rotating camera orientations 
relative to a stable forward-facing frame can be added by various techniques such as that of 
Hanson and Ma [2]. This special frame also extended to height functions on a space curve [3]. 

The construction of the Bishop frame is due to L. R. Bishop and the advantages of Bishop 
frame, and comparisons of Bishop frame with the Frenet frame in Euclidean 3-space were given 
by Bishop [4] and Hanson [5]. That is why he defined this frame that curvature may vanish 
at some points on the curve. That is, second derivative of the curve may be zero. In this 
situation, an alternative frame is needed for non continously differentiable curves on which 
Bishop (parallel transport frame) frame is well defined and constructed in Euclidean and its 
ambient spaces [6,7,8]. 

A regular curve in Euclidean 3-space, whose position vector is composed of Frenet frame 
vectors on another regular curve, is called a Smarandache curve. M. Turgut and S. Yilmaz 
have defined a special case of such curves and call it Smarandache T’B2 curves in the space Et 
({9]) and Turgut also studied Smarandache breadth of pseudo null curves in E} ([10]). A.T.Ali 
has introduced some special Smarandache curves in the Euclidean space [11]. Moreover, special 
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Smarandache curves have been investigated by using Bishop frame in Euclidean space [12]. 
Special Smarandache curves according to Sabban frame have been studied by [13]. Besides, 
some special Smarandache curves have been obtained in E} by [14]. 

Curves of constant breadth were introduced by L.Euler [15]. Some geometric properties of 
plane curves of constant breadth were given in [16]. And, in another work [17], these properties 
were studied in the Euclidean 3-space E*. Moreover, M Fujivara [18] had obtained a problem to 
determine whether there exist space curve of constant breadth or not, and he defined breadth 
for space curves on a surface of constant breadth. In [19], these kind curves were studied in four 
dimensional Euclidean space E*. In [20], Yilmaz introduced a new version of Bishop frame in 
E} and called it Bishop frame of type-2 of regular curves by using common vector field as the 
binormal vector of Serret-Frenet frame. Also, some characterizations of spacelike curves were 
given according to the same frame by Yilmaz and Uniliitiirk [21]. A regular curve more than 
2 breadths in Minkowski 3-space is called a Smarandache breadth curve. In the light of this 
definition, we study special cases of Smarandache curves according to the new frame in FE}. We 
investigate position vector of simple closed spacelike curves and give some characterizations in 
case of constant breadth according to type-2 Bishop frame in E73. Thus, we extend this classical 
topic in E3 into spacelike curves of constant breadth in E?, see [22] for details. 

In this study, we introduce new Smarandache curves of a spacelike curve according to the 
Bishop frame of type-2 in E?. Also, Smarandache breadth curves are defined according to this 
frame in Minkowski 3-space. A third order vectorial differential equation of position vector of 
Smarandache breadth curves has been obtained in Minkowski 3-space. 


§2. Preliminaries 


To meet the requirements in the next sections, here, the basic elements of the theory of curves 
in the Minkowski 3-space E} are briefly presented. There exists a vast literature on the subject 
including several monographs, for example [23,24]. 

The three dimensional Minkowski space E} is a real vector space R? endowed with the 


standard flat Lorentzian metric given by 
(,), = —dx? + dx} + dz3, 


where (x1, 22,23) is a rectangular coordinate system of E?. This metric is an indefinite one. 
Let wu = (ui, u2,u3) and v = (v1, v2,V3) be arbitrary vectors in E?, the Lorentzian cross 


product of u and v is defined as 


Recall that a vector v € E? has one of three Lorentzian characters: it is a spacelike vector 
if (v,v) > 0 or v = 0; timelike (v,v) <0 and null (lightlike) (v,v) = 0 for v 4 0. Similarly, an 
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arbitrary curve 6 = 6(s) in E} can locally be spacelike, timelike or null (lightlike) if its velocity 
vector a’ are ,respectively, spacelike, timelike or null (lightlike), for every s € J C R. The 
pseudo-norm of an arbitrary vector a € E} is given by |la|| = \/|(a,a)|. The curve a = a(s) is 
called a unit speed curve if its velocity vector a’ is unit one ice., ||a’|] = 1. For vectors v, w € E3, 
they are said to be orthogonal each other if and only if (v,w) = 0. Denote by {T, N, B} the 
moving Serret-Frenet frame along the curve a = a(s) in the space E}. 


For an arbitrary spacelike curve a = a(s) in E}, the Serret-Frenet formulae are given as 


follows 
T’ 0 k O -E 
N | =| ye OT ]-| NI, (2.1) 
B' 0 7 O B 

where y = #1, and the functions « and 7 are, respectively, the first and second (torsion) 
_ T'(s) det(a’, a”, a’) 


curvature. T'(s) = a‘(s), N(s) B(s) =T(s) x N(s) and 7(s) = 


K(s) | K?(s) 
If y = —1, then a(s) is a spacelike curve with spacelike principal normal N and timelike 
binormal B, its Serret-Frenet invariants are given as 


K(s) = V(T"(s), T’(s)) and 7(s) = — (N"(s), B(s)) . 


If y = 1, then a(s) is a spacelike curve with timelike principal normal N and spacelike 


binormal B, also we obtain its Serret-Frenet invariants as 
K(s) = y/— (T"(s), 7"(s)) and 7(s) = (N"(s), B(s)) . 


The Lorentzian sphere $? of radius r > 0 and with the center in the origin of the space E? 
is defined by 


S?(r) = {p = (pi, pa, ps) € ER : (p,p) = r?}. 


Theorem 2.1 Let a = a/(s) be a spacelike unit speed curve with a spacelike principal normal. 
Tf {Q1,Q2, B} is an adapted frame, then we have 


on 0 0 1 Qy 
|=] 0 OO —&& |-] Qe (2.2) 
BI a. + B 


Theorem 2.2 Let {T,N, B} and {Q1,Q2, B} be Frenet and Bishop frames, respectively. There 
exists a relation between them as 
[ T ] | sinh@(s) cosh@(s) 0 ] | Oy 


N | = cosh@(s) sinhé(s) 0 | ; Q | 23) 


0 0 1 
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where @ is the angle between the vectors N and 9. 


& = T(s) cosh @(s), € = T(s) sinh 0(s). 


The frame {01, Q2, B} is properly oriented, and 7 and 6(s) = [(s)ds are polar coordinates 
0 


for the curve a = a(s). We shall call the set {01,Q2,.B,&,} as type-2 Bishop invariants 


of the curve a = a(s) in FE}. 


§3. Smarandache Curves of a Spacelike Curve 


In this section, we will characterize all types of Smarandache curves of spacelike curve a = a(s) 


according to type-2 Bishop frame in Minkowski 3-space E}. 


3.1 Q;Q2—-Smarandache Curves 


Definition 3.1 Let a = a(s) be a unit speed regular curve in E> and {Q%,03, Ba} be its 


moving Bishop frame. QFQS—Smarandache curves are defined by 
B(s*) = 44(02 +98). (3.1) 


Now we can investigate Bishop invariants of Q70Q$—Smarandache curves of the curve a = 


a(s). Differentiating (3.1) with respect to s gives 


d@ds* 1 


and 
ds* ee “ 
Tee ae = vat — &5 )Ba, 
where sik 1 
s 
= —2 lef - &. (3.3) 


ds 2 


The tangent vector of the curve @ can be written as follows 


Te= Ox: (3.4) 
Differentiating (3.4) with respect to s, we obtain 


dT ds* 


Soe gy = TERME + 6809). (3.5) 


Substituting (3.3) into (3.5) gives 


ie V2 a a a a 
Te =~ Tee gay Sir + 82.08). 
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Then the first curvature and the principal normal vector field of 3 are, respectively, com- 


puted as 


[5 <= paver, 


and 1 
Ng esses (ET YF +: EFF). 


al — (EF)? oe Ee) 


On the other hand, we express 


41 —OF QS Bo 
B= —————— 0 0 1 |, 
Oo” VG + 
ee 0 


So the binormal vector of @ is computed as follows 


—1 
Bo = aes (CI + 7:09}. 
(er)? ee? 
Differentiating (3.2) with respect to s in order to calculate the torsion of the curve 3, we 


obtain 
(Er + ES ETOP — (EP + EF )ETOS + (EP + EF) Bal, 


and similarly 


B = Sal(—Benep — 2enes — eres — epEP NS 
+(—2€RE9 — 2(€5)? — ERES — EF ES)OS 
+(Ef + EF — (E8)3 — (€¢)2E5 — EF (ES)? + (E¥)?) Bal. 
The torsion of the curve ( is found 


ss (€% — &3)? a a s) — (€& a)\ea s 
Tg = 1/3 Ee) + (egy tet + &5') Ko(s) — (Ef + €F)E3 K1(s)], 


where 


K1(s) = —3€969 — 26069 — EES — EFEP, 
Ko(s) = —2€€9 — 2(€$)? — EES — ESE, 
K3(s) = Ef + &F — (E¢)> — (€2)?€9 — ER (ES)? + (69). 


3.2 (,B—Smarandache Curves 


Definition 3.2. Let a = a(s) be a unit speed regular curve in Ep and {O%,0%, Ba} be its 


moving Bishop frame. QS B—Smarandache curves are defined by 


B(s*) = (0 + Ba). (3.6) 
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Now we can investigate Bishop invariants of II{'B,—Smarandache curves of the curve 
a = a(s). Differentiating (3.6) with respect to s, we have 
, dB ds* 1 


p= 7-4, = pe Tot — 2935), (3.7) 


d 
an ds* 1 


Tp. 7g St Ba = €7 OF = 03), 


where 


ds* oy 
— $20 3.8 
ds 2 ee) 


The tangent vector of the curve 7 can be written as follows 


v2 (3.9) 


Tp = ge (SOT — 305 + € Ba). 
2 


Differentiating (3.9) with respect to s gives 


dT, ds*  & ‘ , 
Ter de = gals) + La() 93 + Ls(s)Ba) (3.10) 


where 


Ge 
Ge’ 


L3(s) = —(€¢)? + (68)? + & 


L2(s) = eres, 


ae 
eS 


Iy(s) = —€% — (6%)? + 


Substituting (3.8) into (3.10) gives 


» _ 202 
"3 = ep 


then the first curvature and the principal normal vector field of @ are, respectively, 


(Li(s)Q? + Lo(s)Q$ + L3(s)Ba), 


| 


= a = Gana v Eals + L3(s) — L3(s) 


and 
—1 


Ng = ———______ 
0 VTA) + £3(8) — L3(s) 


On the other hand, we have 


(L1(s)OQ¢ + Lo(s)O$ + L3(s)Ba). 


ee 
&3\/13(s) + L3(s) — L3(s) 


+(6fL1(s) + €'La(s))OS + (e5'L1(s) — €7'Lo(s)) Bal. 


Bg (er La(s) + €3L3(s)) OF 


Differentiating (3.7) with respect to s in order to calculate the torsion of the curve 3, we 
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find 
i 7 [—((ER)? + EP) OE + (—ERES — ES)OS — (EF — (EP)? + (EH)?) Bal, 


al 


and similarly ; 
B= yl eeret — efor ( aa a FES) 
+(—(€2)3 — REF + EP ESES — ESES) Ba). 


The torsion of the curve ( is 


[—€¢ M1 (s) — €3'Mo(s) — €M3(s)], 


where 


My(s) = —3€R€¢ — 26865 — E2ES — EMES, 
Ma(s) = —2€S€$ — 2(E8)? — EES — ESE, 
M3(s) = &% + &¢ — (€@)3 — (€¢)?48 — ER (ES)? + (EF). 


3.3. Q28—Smarandache Curves 


Definition 3.3 Let a = a(s) be a unit speed regular curve in EP and {Q%,03, Ba} be its 


moving Bishop frame. QS B—Smarandache curves are defined by 


if 


B(s*) = (08 + Ba). (3.11) 


Now we can investigate Bishop invariants of QB,—Smarandache curves of the curve 


a = a(s). Differentiating (3.11) with respect to s, we have 


, dBds* 1 


B= Togs = Gale Ba — FF — G8), (3.12) 
and 
ds* 1 
Ta. Fe = ql MF — GO — FB), 
where 


ass [GEG | 
a aa aaa 7 


The tangent vector of the curve 7 can be written as follows 


cor — E903 — EB, 
F3 = —— ——————_.. 3.14 
y Mey eee on) 


Differentiating (3.14) with respect to s gives 


dT, ds* 


a (Ni (s)OQY + No(s)QF + N3(s)Ba), (3.15) 
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where 
Ni (s) = 4(4E9€9 — 2EREP)(2(ES)? — (EF)?) FEF 
—(2(ES)? — (€2)?) Fe + (2(ES)? — (€2)?) ERES, 
No(s) = 4(4ESES — 2EFEP) (DES)? — (EF)?) * EF 
—(2(E$)? — (EF)2) FEF + (2(E)? — (ER)? (ER)?, 
2) 3 


Na(s) = 5 (4ESES — 2E2E2)(2 sy" — (er 
~(2(€3)? — (E8)?) = (ES)? — (6@)? — &). 
Substituting (3.13) into (3.15) gives 
Ty = DERE — eee Na (8) + No(s)O3 + N3(s)Ba), 


then the first curvature and the principal normal vector field of @ are, respectively, found as 
follows 


/ 
Ts 


~ \/ 3(é8)2 — (eee Ni(s) + NZ(s) + N3(s), 


Ke = 


and 
=] a 3 ‘e 5 
Ng = WAHORSHORSHOMaia + No( JOS + L3(: )Ba). (3.16) 


On the other hand, we have 


1 
= |(— £5' N3(8 $ No(s) )QY 
TES) = CHV NG (a) ENG (a) NGC) 0 oe Ole) + SENOS) (3.17) 


+(—€3-Na(s) + €3Ni(s))O5 + (E7 No — €5'Ni(s)) Bol. 


Differentiating (3.12) with respect to s in order to calculate the torsion of the curve 3, we 
obtain 


B= alles EF + EXO + (EX)? — EFS + (—EF + EF — (E%)?) Bal], 


and similarly 


ea Spllesses o + epee — Ee — ever + (ee) 3)09 
+(3e96 — EF — (68)? — (ER PES) NB 
+((€¢)7E% — (68)3 + E965 — EF + EF — 3E0E*) Bal. 


The torsion of the curve ( is 


1 = SY ipaion(es )? — &&) — Pa(s)(—€s + es — (E@)*Nlee 


+(Ps(s)(€¢é? — €¢) — Pa(s)(—€8 + & — (6) lee 
+[Po(s) (ESE? — é ) — Pi(s)((éF Ve — & Est, 
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where 
Py(s) = 26SE% + E99 — EM — EES + OES + (E23, 
P,(s) = 3f63 — EF — (68)? — (67) 68, 
P3(s) = (€%)?9 — (€9)9 + Es — &F + EF — 3E0E%. 


3.4 0;02B—Smarandache Curves 
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Definition 3.4 Let a = a(s) be a unit speed regular curve in E> and {Q9,0%, Ba} be its 


moving Bishop frame. QF QS B—Smarandache curves are defined by 


1 
B(s*) = aot + OF + Ba). 


(3.18) 


Now we can investigate Bishop invariants of Q{¢0Q3B—Smarandache curves of the curve 


a = a(s). Differentiating (3.18) with respect to s, we have 


: di ds* 1 ana aQa a a 
aa ds = 76 rey 203 + (Ef — €F)Ba), 
and 
ds* 1 
Tp. = Fl EPOT — EF 05 + (EP — 3) Ba), 
where 


ds* _ [Aer — 63)" + (63)? ~ (62)? 


ds 3 


The tangent vector of the curve ( is found as follows 


1 


2S ee (POT — G09 + (EP — 65) Ba). 


(Et — €5)? + (65)? — (6)? 
Differentiating (3.21) with respect to s, we find 


dT, ds* 


Seay = O(a és — Q(s (En)? + Q(s Eres — O'(s)EMOg 


+[-Q(s)ES — Q(s)EPES + Q(s) (ES)? — Q’ (S)ESIOG 
+[Q(s)(€% — E8)'-Q(s)(E2)?+Q'(s) (EF — E$)]Ba, 


where 
1 


(+ GP — GP 
Substituting (3.20) into (3.22) by using (3.23) gives 
V3 


T= a0) he eas + Mo(s)QF + M3(s)Ba), 


Q(s) = 


(3.19) 


(3.20) 


(3.21) 


(3.22) 
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where 


Ri(s) = —Q(s)EF — Q(s) (EZ)? + Q(s)EPES — Q' (SEF, 
Ra(s) = —Q(s)ES — Q(s)E*ES + Q(s) (EX)? — Q/(S)ES, (3.23) 
Ra(s) = Q(s)(E% — 8)’ — Q(s) (ER)? + Q'(s) (E% — €8). 


Then the first curvature and the principal normal vector field of 3 are, respectively, obtained 
as follows 


—Ri(s) + Ro(s) + R3(s), 


s(n - 


and 

—1 
———————— |(M0 (Ef — E51) + MES) OF 
RIE eles — 8) + ess) es 


+(Mi (EP — EF) + MgéZ) OF + (E53 Mi(s) — Ef Mo(s)) Bal. 


Bg = 


Differentiating (3.19) with respect to s in order to calculate the torsion of the curve 3, we 
obtain { 
p= wale — (ER)? + ESES) OF 

+(-E9 + (ES)? — EFES + (ES)? + (EX — EF — (EF)?) Bal, 
and similarly i 
= wale — 2EPES + EES + EVES) 
+(-E5 + 4E969 — Eves — 2ee Eggs 
+(ESES + ER (ES)? — (EF)? — (ER)? + (EP)7EX) Bal]. 


The torsion of the curve ( is 


8 


1 K*(3) 
TB ==> 


HOES TOES THO haan + 2(€3)? — EP E$) 


where 
Qi(s) = —E% — (€2)? + 89, 
Qa(s) = EES + 2ESE9 — EF, 
Qs(s) = 2 (68)? — (F)? — (EF)8 + (EP) 26S + SES. 


3.5 Example 


Example 3.1 Next, let us consider the following unit speed curve w = w(s) in E} as follows 


w(s) = (s, V2In(sec A(s)), V2 arctan(sinh(s))). (3.25) 
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It is rendered in Figure 1, as follows 


Figure 1 


The curvature function and Serret-Frenet frame of the curve w(s) is expressed as 


T = (1, -V2 tanh(s), V2 sec h(s)), 
N = (0, —sech(s), — tanh(s)), any 
B = (V2, — tanh(s), sec h(s)), 


and 
K = V2sech(s),0 = 3S sec h(s)ds = V2 arctan(sinh(s)). (3.27) 
0 


or 


mere ty ha 
ROAPUT NT SS lead 


Figure 2 0); Q2-Smarandache curve Figure 3 (2); B-Smarandache curve 
Also the Bishop frame is computed as 


Q, = (—sinh 0, —V2 sinh 6 tanh(s) — cosh @sec h(s), 


(3.28) 
—/2sinh 6 sec h(s) — cosh @ tanh(s)), 


Q2 = (cosh 0, — V2 cosh 6 tanh(s) + sinh @ sec h(s), 


(3.29) 
V2 cosh 6 sec h(s) — sinh @ tanh(s)), 
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B = (V2, — tanh(s), sec h(s)). (3.30) 


Let us see the graphs which belong to all versions of Smarandache curves according to the 
Bishop frame in E}. 


The parametrizations and plottings of Q)Q2,01B,Q2B and Q;Q2B— Smarandache curves 


are, respectively, given in Figures 2-5. 


_ 
ARSED 
vie Leelee? 


Figure 4 (2 B-Smarandache curve Figure 5 (,02B-Smarandache curve 


§4. Smarandache Breadth Curves According to the Bishop Frame of Type-2 in EF? 


A regular curve more than 2 breadths in Minkowski 3-space is called a Smarandache breadth 


curve. 


Let a = a(s) be a Smarandache breadth curve, and also suppose that a = a(s) is a simple 
closed curve in E}. This curve will be denoted by (C). The normal plane at every point P on 
the curve meets the curve at a single point Q other than P. We call the point Q as the opposite 
point of P 


We consider a curve a* = a*(s*) ,in the class [, which has parallel tangents ¢ and ¢* at 
opposite directions at the opposite points a and a* of the curve. A simple closed curve having 
parallel tangents in opposite directions at opposite points can be represented with respect to 
Bishop frame by the equation 


a*(s*) = a(s) +AOQ1 + p02 + 7B, (4.1) 


where \(s), u(s) and 7(s) are arbitrary functions, a and a* are opposite points. 


Differentiating both sides of (4.1) and considering Bishop equations, we have 


= (Ge + 101 + (Fe = 1&2) M2 
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Since Q} = —, rewriting (4.2) we obtain respectively 
dX _ ds* ds dn 
- a oe 4.3 
Ge el ap es. Gs = (4.3) 


If we call 0 as the angle between the tangent of the curve (C) at the point a(s) with a 


dé 
given direction and consider a (4.3) turns into the following form: 
s 


dt & 1, dst. du dn 


— srt Ch 82 = 22 KB 
Glee ae Geet ae 


(4.4) 


ds* ds* dd 1 ds* ds* 
h ——_— = ct Cer = : 
we ae ee 


Using system (4.4), we have the following vectorial differential equation with respect to » 


as follows 
T Lito Cling Fr A fi yo 
at fae fO- ZENE HE) 
diy O-aey- SP) 
fice Si & Ei de ges dX 
eG Es (Ay 1+ ae SOO a 
HM gegen” + {a+ i aa (4.5) 
Hea Aye 10) +2 estoy 
+P +z 1 oy ! ey (0) + =") + $I) 
HEPES IO - a (0) + 2-40) 
1 i 


+(=)' $0) + =F'(0)} = 


The equation (4.5) is a characterization for a*. If the distance between opposite points of 
(C) and (C*) is constant, then we can write that 


la* — al) = —A? +p? +7? = 2? = const., (4.6) 


hence, we write 
dX du dn 


pes 4.7 
Aap t Hag + ag = a 
Considering the system (4.4) together with (4.7), we obtain 
a ; 
4 (0) = (2 — rn& ~ &). (4.8) 
From system (4.4) we have 
TdX\ 1 
——+—f(6). 4.9 
n= EGtetO (4.9 
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Substituting (4.9) into (4.8) gives 


(0) = (7 + FOE — TB — &) 
: 4 3¢6) — 40) (4.10) 
do ~ G(@)’ : 
where G(@) = s — THbo —&,7 #0. 
Thus we find 
fOr 
= I — (ats ~ 18, (4.11) 
and also from (4.4)2, (4.9) and (4.4); we obtain 
r) 
p= ie + FO) 6 a0, (4.12) 
5 T 
and : 
n= ize i. FO) a9, (4.13) 
0 Sl r 
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Abstract: The concept of locally dually flat Finsler metrics originate from information 
geometry. As we know, (a, 3) - metrics defined by a Riemannian metric a and a 1-form £, 
represent an important class of Finsler metrics .In the year 2014, S. K. Narasimhamurthy 
,A.R. Kavyashree and Y. K. Mallikarjun obtained characterization of locally first approxi- 
mate Matsumoto metric [1].In continuation of the paper we study and characterize locally 
dually flat for a special Finsler (a, 3) metric F = a+68+4+ Ez + a with isotropic S-curvature, 


which is not Riemannian. 


Key Words: Finsler metric, Riemannian metric;one form metric, S-curvature, locally 


dually flat metric, locally Minkowskian metric. 


AMS(2010): 53C60, 53B40 


§1. Introduction 


The notion of dually flat metric was first introduced by S. I. Amari and H. Nagaoka, while 
studying the information geometry on Riemannian spaces [2]. Later, Z. Shen extended the 
notion of dually flatness to Finsler metrics [7]. Dually flat Finsler metrics form a special 
important class of Finsler metrics in Finsler information geometry, which play a very important 
role in studying flat Finsler information structures ([4], [5], [6], [7], and [11]). In 2009, the 
authors of [4] classified the locally dual flat Randers metrics with almost isotropic flag curvature. 
Recently, Q. Xia worked on the dual flatness of Finsler metrics of isotropic flag curvature as 
well as scalar flag curvature ({10], [11]). Also, Q. Xia studied and gave a characterization of 
locally dually flat (a, 3)-metrics on an n-dimensional manifold M (n > 3) [9]. Further in 2014, 
the authors of [1] discuss characterization of locally dually flat first approximate Matsumoto 


metric. 


The first example of non-Riemannian dually flat metrics is the Funk metric given by ((4], 


1Received June 13, 2016, Accepted November 8, 2016. 
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(1—|s/?|yl?) +(e, y)? | (x,y) 
1—|zP “T—|2P 


F= 


This metric is defined on the unit ball B”(u) C R” and is a Randers metric with constant 
flag curvature kK = >. This is the only known example of locally dually flat metric with 
non-zero constant flag curvature up to now. 

In this paper, we study and characterize locally dually flat Finsler metric with isotropic 


S-curvature, which is not Riemannian. 


§2. Preliminaries 


Let M be an n-dimensional smooth manifold. We denote by TM the tangent bundle of M and 
by (x,y) = (a', y’) the local coordinates on the tangent bundle TM. A Finsler manifold (M, 
F) is a smooth manifold equipped with a function F’': TM — [0,0o), which has the following 
properties: 

e Regularity: F is smooth in TM \ {0}; 

e Positive homogeneity: F(x, Ay) = AF (x,y), VA > 0; 
16°F? (x,y) 


e Strong convexity: the Hessian matrix of F?, g;;(x,y = muee 
g y 9i5(ty¥ = 5 Daiayl 


on TM \ {0}. 


is positive definite 


We call F and the tensor g;; the Finsler metric and the fundamental tensor of M, respec- 
tively. 

For a Finsler metric F = F(x, y), its geodesic curves are characterized by the system of 
differential equations ¢’ + 2G‘(¢) = 0, where the local functions G’ = G*(x,y) are called the 
spray coefficients and given by 


gis 
Gis a {LF?]oeyy” — [F]er} Vy € Te. 


Definition 2.1 A Finsler metric F = F(x,y) on a manifold M is said to be locally dually flat 
if at any point there is a standard coordinate system (x',y') in TM which satisfies 


PP aay” = OFA) 2 


In this case, the system of coordinates (a*) is called an adapted local coordinate system. 
It is easy to see that every locally Minkowskian metric is locally dually flat. But the converse 
is not generally true [4]. 


Definition 2.2 A Finsler metric is said to be locally projectively flat if at any point there is a 
local coordinate system in which the geodesics are straight lines as point sets. It is known that 


a Finsler metric F(x, y) on an open domain U C R” is locally projectively flat if and only if its 
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geodesic coefficients G' are of the form 
Gi = Py’ 


where P: TU =UX R" = R is positively homogeneous of degree one, P(x, Ay) = AP(x,y),VA > 
0. We call P(x, y) the projective factor of F(x, y). 


Lemma 2.1(([4]) Let F = F(z, y) be a Finsler metric on an open subset U C R”. Then F is 
locally flat and projectively flat on U if and only if Fx = CF Fy, where C is a constant. 


The S-curvature is a scalar function on TM, which was introduced by Z. Shen to study 
volume comparison in Riemann-Finsler geometry [3]. The S-curvature measures the average 
rate of change of (T,M, F,, = F|T,M) in the direction y € T,M. It is known that S = 0 for 


Berwald metrics. 


Definition 2.3 A Finsler metric F on an n-dimensional manifold M is said to have isotropic 


S-curvature if S = (n+ 1)c(a)F, for some scalar function c on M. 


For a Finsler metric F on an n-dimensional manifold M, the Busemann-Hausdorff volume 
form dVp = or(x)dx!---dzx” is defined by 


VolB"(1) 


_ Vol(y? € RF (2x, y's eel) 


Here Vol denotes the Euclidean volumes and B"(1) denotes the unit ball in R” . Then the 
S-curvature is defined by 


_ OG? ,OLnor) 
where 
, Ono 
y=y a € T,M[8]. 


For an (a, 3)-metric, one can write F = a¢(s), where s = & and ¢ = ¢(s) is a C® function 
on the interval (—bo, b9) with certain regularity properties, a = ,/(aijy’y/) is a Riemannian 
metric and 3 = b;(x)y’ is a 1-form on M. 

We further denote 


b; ;67 = db; — b;62 


4? 


\3 
where 6 = dz’ and 6% = Ti, da* denotes the coefficients of the Levi- Civita connection form of 
Q. 

Let 


1 1 
Tig = (Bais + dgle), Sig = 5 (Bay — Byja)- 


Clearly, 8 is closed if and only if s;; = 0. An (a, 3)-metric is said to be trivial if rj; = 
siz = 0.We put 


ere mer Spdcni hai). ws ys 
Ti0 = TY ,T00 = Ti YG =1ijb 


j 4 a 
si0 = Sig y’ , 85 = sib > 50 = sjb . 
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By direct computation, we can obtain a formula for the mean Cartan torsion of an (a, 3)- 


metric as follow: ; 
o(o— s8¢ ) 


I; — ii | 
2Ada? 


(ab; — sy;). 


Clearly, an (a, 3) -metric F = ad(s),s = g is Riemannian if and only if ¢ = 0. Hence, we 
further we assume that ¢ 4 0. 


Theorem 2.2([9]) Let F = ag(s),s = B be an (a, B)-metric on an n-dimensional manifold 
M"(n > 3), where a = \/(aijy’y!)is a Riemannian metric and B = b;(x)y' # 0. is an 1-form 
on M. Suppose that F is not Riemannian and ¢ (s) #0. Then F is locally dually flat on M if 
and only if (a, 3) and @ = $(s) satisfy 
1 
(1) si9 = 3 (81 = 6b; ); 
2 2 (9 | ,2, 2 2) 92 
(2) roo = 308 + ae T—Ob')| a + 3 (3h: — 2 — 3kgb )\r G2; 
1 1 1 
(3) Gi, = 3 [20 + (3h - 2)r Bly! + 3 rbia* + shar B°b"; 
(4) [she — k3s*)(oo — 56° — sod") — (6° + 46") + kr (b — 59] = 0. 


where T = T(x) is a scalar function, 0 = 0;(x)y' is an 1-form on M, 6! = a!™6,, 


= = TI (0) = = a ! _ 2 _ mr 
ki = (0), ka = ogy ks = GORD) BE (OM (0) — 61*(0) — QEO)H"(0}} 
and 
_ ¢ _ (972 +64") 
a aap > (b= a8). 


In [4], Cheng-Shen studied the class of (a, 3)-metrics of non-Randers type ¢@ 4 ty V1 + tes?+ 
t3s. with isotropic S-curvature and obtained the following. 


Theorem 2.3((3]) Let F = ad(s),s = & be a non-Riemannian (a, 3)-metric on a manifold 

and b = |\|Gz\||a- Suppose that 6 A tiV1 + tes? + t38 for any constants t; > 0,t2 and tz. Then 

F is of isotropic S-curvature S = (n+ 1)cF if and only if one of the following assertions holds 
(1) 6 Satisfies 

rig = E(B? ai; = b;b;), sj = 0, (2.1) 


where € = €(x) is a scalar function, and c = c(x) satisfies 


eh? 
@ =-2 1lk——~ 2:2 
ns ee (2.2) 
where k is a real constant. In this case, S = (n+ 1)cF with c= ke; 
(2) 8 satisfies 
Ty = 0, sij = 0. (2.3) 


In this case, S = 0, regardless of the choice of a particular @. 
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§3. Characterization of Locally Dually Flat Finsler (a, 3) Metric 


Theorem 3.1 Let F=a+(6+ ee + ce be a special Finsler (a, 3) metric on a manifold M of 
dimension n > 3.Then the necessary and sufficient conditions for F to be locally dually flat on 
M are the following: 


(1) si9 = 5 (98 = 6b; ); 


2 2 1 
(2) roo = 68 + |r +5 (br — Ob!) | a? + 5(25 — 300°) rf"; 


3 
1 1 
(3) GL = 3120 + 257 B]y! + 3 (Arb ae + 5770!; 
where T = T(x) is a scalar function, 0 = O,y" is an 1-form on M. 


2 3 
Proof For a Finsler metric F = a+ (0+ Be + Z we obtain k; = 3, kg = 9,k3 = 10, and 
a a 


g=14s4+s?+59,6 =14254+387,6 =2+68,6 =6, 


I - 3+ 125+ 18s? + 20s* + 13s 
1+s— 283 — 3s4 — 355 — 288’ 
1(0) = 3, 1(0)=9, I (0) =18, I’ (0) = 102. 
1+ 2s + 3s? > 2+8s+8s? + 8s? + 654 
O = yoe oe Y= Capea 
" 8(1 + 85 + 9s? + 15s? + 9s* + 65° + 38°) 
2 = (—1+ 5? + 253) i 
Q(0) = 1, Q(0)=2, Q"(0)=8, Q™ (0) = 24. 


By using the above values in Lemma 2.1, we get 


[s(ke — kgs”)(d¢" — so” — sod") — (6? + 66") + k1d(¢ — s¢’)] =0 and 7 =0. 


Then, finally, by substituting ky, k2 and k3 in Lemma 2.1, we infer the claim. 
Now, let ¢ = ¢(s) be a positive C™ function on (—bo, bo). For a number b € [0, bo], let 


& = —(Q— sQ’)(nA +14 sQ) — (6 — s”)(1 + sQ)Q”, (3.1) 


where A = 1+ sQ + (b? — s?)Q’. This implies that 


o[1 — 3s? — 88° + 2b7(6 + 2s)] 


A = 
(—1+ s? + 283)? 


Then, the equation (3.1) can be written as follows: 
@ = —(Q— 8Q')(n + 1)A + (0° — 5”) {((Q — 8Q‘)Q’ — (1 + 8Q)Q"}. 


By using Theorem 2.3, now we will consider a locally dually flat (a, 3)-metric with isotropic 
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S-curvature. 


Theorem 3.2 Let F=a+6+ e + z be a locally dually flat non-Randers type (a, 3)-metric 
on a manifold M of dimension n > 3. Suppose that F is of isotropic S curvature S = (n+1)cF, 
where c = c(x) a scalar function is on M. Then F is a locally projectively flat in adapted 


coordinate system and G* = 0. 


Proof Let G' = G'(x,y) and G, = G.,(x, y) denote the coefficients of F and a respectively, 
in the same coordinate system. By definition, we have 


G=G+ Py +, (3.2) 
where 

P=a '0- 2Qas, + ro, (3.3) 

Q’ = aQs', + — 2Qaso + rood", (3.4) 

Sie o¢ —s(¢¢ +¢¢)  _ -14+s +4128? + 20s? + 2154 + 35° 
~ 26((¢ — so’) + (H — 82)6") ——- 2G[—1 4 28? + 353 — 267(1 + 2s) 
1 P 14+3s 
b= f 


2((d—sh) + (P—s)6") 1-35? — 853 + (2 + 6s) 
First, we suppose that case (i) of Theorem 2.3 holds. It is remarkable that, for a special 


Finsler (a, 3) metric, we have 


o[1 — 3s? — 88° + 267(6 + 2s)| 
(=1 +9" + 28°)" 


A= 


It follows that (=1 + s? + 2s3)?A is a polynomial in s of degree 3. On the other hand we 


have 2 2 3 2 2 
1 2 + 2 
phe g[1 — 38° — 8s b*(6 + 2s)| . (3.5) 
(—1+ s? + 283) 
Hence, if case (2) of Theorem (2.3) holds, then substituting (3.5) we obtain that 
(b? — s*)(-1 +s? + 2s)*® = —2(n + 1)k¢"[1 — 38? — 85° + 2b7(6 + 28)]?. (3.6) 


It follows that (b? — s?)(—1 + s? + 2s3)*@ is not a polynomial in s (if k = 0, then by 
considering the Cartan torsion equation, we get a contradiction). Then, we put 
A 


ee 
¢ (—1+ s? + 283)4’ 


where 
A = ¢"[1 — 38? — 85? + 26?(6 + 2s)|* 


By assumption, F is a non-Randers type metric. Thus A is not a polynomial in s, and then 
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(b? — s?)(—1+ s? + 2s3)*@ is not a polynomial in s. Now, let us consider another form of ® 


@ = —(Q— 8Q')(n + 1)A + (0° — 8”) {(Q — 8Q')Q’ — (1 + sQ)Q"}, 


where | 5 4 i 5) 
' 1 — 6s* — 12s” — 15s" — 12s 
Q—sQ = T4292 
(—1+ s? + 283) 
Then, 
-1 
& = —~—_ {61 — 15s” — 385° — 81s* — 108s° — 338° — 6s" 


(lise s4 29°) 

+n(—1— 9s? — 20s? + 384 + 728° + 1415° + 156s” + 965°) 

+2b7(4(1 + 38+ 9s" + 158° + 9s* + 65° + 35°) 

—n(—1— 3s +65? + 30s* + 51s* + 578° + 368°))]}. (3.7) 


From equations (3.6) and (3.7), the relation (b? — s?)(—1 + s? + 2s3)*® is a polynomial in 
s and b of degree 8 and 4 respectively. The coefficient of s8 is not equal to zero. Hence it is 
impossible that® = 0. Therefore, we can conclude that equation (2.2) does not hold. So, the 
case (ii) of Theorem 2.3 holds. In this case, we have 


To00 = 0, sj = 0. 
In Theorem 3.1(2), by taking ro9 = 0, we obtain (3.8) 


T+ ; (b?r - 6,b') of = 38 [-20 — (25 + 30b7) 37] : ae) 


Since a? is an irreducible polynomial of y’, equation (3.8) reduces to the following 


2 
T+ 3(¥?7 — bm”) = 0, (3.9) 
e. 1 . 
3° + 3 (25 + 306°) G7 = 0, (3.10) 
where 1 
0 = — 5 (25 + 306?) Gr. (S11) 
Then, Theorem 3.1(1) yields 
1 
so = 


~ 3(b2r — BbmO™) 


This implies 
(b?7 — Bb,O™) = 0 


From (3.8), (3.9) and (3.11), we obtain 


0= —5(28 + 3007) Gr. (3:12) 
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From equations (3.9) and (3.12), it follows that 7 = 0 and substituting 7 = 0 in equation 
(3.12), we get 9 = 0. Thus finally (1), (2) and (3) reduce to the following 
Sig = 0, en = 0, To00 = 0. 
Since so = roo = 0, then equations (3.3) and (3.4) reduce to 


P=0 and Q*=0. 


Then the relation (3.2) becomes G!, = 0, which completes the proof. 


Theorem 3.3 Let F=at+ 6+ e + E be a non-Riemannian metric on n-dimensional n > 3 
manifold M. Then F is locally dually flat with isotropic S-curvature. Moreover, S = (n+ 1)cF 
if and only if the structure is locally Minkowskian. 
GP, oe. be 
Proof From Theorem 3.2 we have that F = a+ (6+ a + a is dually flat and projectively 
flat in any adapted coordinate system. By Lemma 2.1, we infer 


Be = CFE, 


Hence the spray coefficients G' = Py’ are given by P = CF. Since G’ = 0, then P = 0, 


and hence C = 0. This implies that F),. and then F is a locally Minkowskian metric in the 


adapted coordinate system. 


§4. Conclusions 


The authors S. I. Amari and H. Nagaoka ((2]) introduced the notion of dually flat Riemannian 
metrics, while studying information geometry on Riemannian manifolds. Information geometry 
emerged from investigating the geometrical structure of a family of probability distributions and 
was successfully applied to various areas, including statistical inference, control system theo- 
rem and multi-terminal information theorem. As known, Finsler geometry is just Riemannian 
geometry without the quadratic restriction. Therefore, it is natural to extend the construction 
of locally dually flat metrics to Finsler geometry. In Finsler geometry, Z.Shen [7] extended the 
notion of locally dually flat metric in Finsler information geometry, which plays a very impor- 
tant role in studying many applications in Finsler information structures. In this article, we 
study and characterize the locally dually flat a special (a, 3) metric F = a+ 8+ £ + a with 


isotropic S-curvature which is not Riemannian. 
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§1. Introduction 


Gr6ébner bases and Grébner-Shirshov bases were invented independently by A.I. Shirshov for 
ideals of free (commutative, anti-commutative) non-associative algebras [33, 35] (see also [9, 
10]) , free Lie algebras [34, 35] and implicitly free associative algebras [34, 35] (see also [3, 4]), 
by H. Hironaka [30] for ideals of the power series algebras (both formal and convergent), and 
by B. Buchberger [20] for ideals of the polynomial algebras. 

Grobner bases and Groébner-Shirshov bases theories have been proved to be very useful in 
different branches of mathematics, including commutative algebra and combinatorial algebra, 
see, for example, the books [1, 19, 21, 22, 26, 28], the papers [2, 3, 4], and the surveys [5, 6, 14, 
16, 17, 18). 

Up to now, different versions of Composition-Diamond lemma are known for the following 
classes of algebras apart those mentioned above: Lie p-algebras [32], associative conformal 
algebras [15], modules [25, 31] (see also [24]), right-symmetric algebras [8], dialgebras [11], 
associative algebras with multiple operators [13], matabelian Lie algebras [23], Rota-Baxter 
algebras [7], semirings [12], integro-differential algebras [29], and so on. 

Let & be a field, A a non-associative algebra over k. We call A a left-commutative al- 
gebra over k, if A satisfies the following identity: x(yz) = y(xz), x,y,z € A. The variety 
of Novikov algebras and the variety of dual Leibniz algebras are subvarieties of the variety of 
left-commutative algebras. Free left-commutative algebras were firstly studied by A. Dzhu- 
~~ 1§upported by the NNSF of China No.11401246, 11426112 and 11501237, the NSF of Guangdong Province 
No.2014A030310087, 2014A030310119 and 2016A030310099, the Foundation for Distinguished Young Teachers 
in Higher Education of Guangdong No. YQ2015155, and the Research Fund for the Doctoral Program of Huizhou 


University No.C513.0210, C513.0209. 
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madil’daev and C. Lofwall [27]. They constructed a monomial basis for free left-commutative 
algebras. In this paper, we establish Grobner-Shirshov bases theory for the right ideals of left- 
commutative algebras. Using this theory, we prove the decidability of the membership problems 
for the right ideals of free left-commutative algebras. 


§2. Free Left-Commutative Algebras 


Let X be a well ordered set. Each letter x; € X is called a non-associative word of degree 1. 
Suppose that wu is a non-associative word of degree m and v is a non-associative word of degree 
n. Then (uv) is called a non-associative word of degree m+n. Denote by d(u) the degree of 


the non-associative word wu. 


Let u,v € X** be non-associative words. Then we say that u > v if d(u) > d(v). If 
d(u) = d(v) > 2 and u = (ujug),v = (viv2), then we say that u > v if either wg > ve or 
u2 = vg and u; > v,. This ordering is called non-associative degree inverse lexicographic 
ordering. Unless otherwise stated, the non-associative degree inverse lexicographic ordering is 
used throughout this paper. 


Definition 2.1 Each letter x; € X is called a regular word of degree 1. Suppose that u = (vw) 
is a non-associative word of degreem,m>1. Then u = (vw) is called a regular word of degree 


m if it satisfies the following conditions: 


(S1) both v and w are regular words, and 


(S2) if w = (wiwe), thenv> wy. 


Let k bea field, N(X) the set of all regular words on X, kN(X) the k-linear space spanned 
by N(X). Let u,v € N(X). Then we define a product u-v on kN(X) by the following way: if 
v=a, € X, then u-v := (ua;); if v = (vive) and u > v1, then u- v := (u(viv2)); if v = (viv2) 
and u < v1, then u-v := (v1 (u- v2)). 


Theorem 2.2([27]) Let LC(X) be the free left-commutative algebra generated by X. Then the 
algebra k N(X) is isomorphic to LC(X). 


According to Theorem 2.2, each non-zero element f in LC(X) can be uniquely presented 
as 


f =ayu, + aqua +...+AmUm, 


where a; € k, u; € N(X) for all i, aj 40, ur > up >... > Um. Here, the regular word wy is 
called the leading term of f, denoted by f and a; the leading coefficient of f, denoted by a fe 
If a7 = 1, then f is called a monic polynomial. 


For every f € LC(X) denote by Ly the operator of left multiplication by f acting on 
LO(X), i.e., Ly(g) = fg for all g € LC(X). In particular, if fi, fo,--- , fm,g € LC(X), then 


Din Dp lpg) = (fl: (fa(fug))- ++): 
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Lemma 2.3({27]) Let ue N(X) be a regular word. Then u can be uniquely presented as 
u=Ly,,... Lu, (xi), 


where x; € X,Un >... > u1,ujy E N(X),1<j<nn>0. 


Lemma 2.4 Let u,v € N(X) be regular words and v = Ly,,...Ly,(ai), wheren > 1,4; € X. 
Then 
uv = Ly, ++ Dy, Luly, +++ Lv, (xi), 


where Un > +++ > Uz, > U>Yy-1>...> U4. 


Proof Let us use induction on n. Ifn = 1 and u > v1, then u-v = Ly, Ly, (a;). Ifn = 1 and 
u <1, then u-v = Ly, Ly(a2;). Suppose that n > 1. Ifu > vp, then u-v = Ly Ly, +++ Ly, (a;). If 
U < Un, then U-v = Up(u-Ly,_, +++ Ly, (vi)). By the inductive hypothesis, u- Dy, _, +++ Lu, (ai) = 
Ly, 400 Du, Luly, +++ Ly, (vi), where Up-1 > +++ > up > U> Y-1 > +++ > v1. Therefore, 


uv = Ly, ++ Dy, Luly, +++ Lv, (xi), 


where Un > +++ > US U> YA > > UY. 


Lemma 2.5([27]) Ifu,v,w€ N(X) andu>v, thenu-w>v-w,w-u>w-v. 


From Lemma 2.5, it follows that 


Corollary 2.6 If f,g © LC(X), then (f-g) =(f-9). 


§3. Composition-Diamond Lemma for Right Ideals of Free 
Left-Commutative Algebras 


Definition 3.1 Let S C LC(X) be a set of monic polynomials. Each polynomial s € S is called 
an S'-word of s-length one. Suppose that (u), is an S-word of s-length m and v is a regular 


word of degree n. Then (u)s-v is an S-word of s-length m+n. 


Definition 3.2 Let S Cc LC(X) be a set of monic polynomials. Each polynomial s € S is 
called a normal S-word of s-length one. Suppose that (u), is a normal S-word of s-length m 
and x; € X,vj € N(X),1<j<n,0 <n. Then Ly, --- Ly, L(y, L,_1 +++ Lv, (ai) ts called a 


normal S-word of s-length m +1 +o d(v;) if Un S++ Su > (U)s > W-1 > ++ Sur. We 


denote (u)s by [u]s if (u)s is a normal S-word. 


Lemma 3.3 For each S-word (u)s, there exists a normal S'-word [|v], such that (u)s = [v]s- 


Proof Suppose that the s-length of (wu), is m. Let us use induction on m. If m = 1, then 
(wu); = 8 and the lemma holds clearly. Suppose that (u), = (v),-w, where w € N(X) and (v), 
is an S-word with s-length less than m. By the induction hypothesis, these exists a normal 
S-word [v’], such that (v), = [u’]s. If w = a; € X, then the lemma holds clearly. Let us assume 
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that w = Ly, -:-Lw, (ai), where x; © X, ws > +--+: > wi,w; € N(X),1 <j <1,1 <1. Then by 
Lemma 2.4 we have 
(u)s = (v)s “W= [v's 7 w= Ly, + Dw, Ly, Lu + Dw, (xi), 


where w; > ++: > wz > [v’], > wi-1 > ++: > wi. This completes our proof. 


From Corollary 2.6, it follows that [u], = [uls. 


Definition 3.4 Let f,g be monic polynomials in LC(X). If there exists a normal g-word [ul], 
such that f = [ul then the polynomial f — |u|, is called a composition of inclusion of f and g, 
and denoted by (f,g);- 


Let S be a given nonempty subset of LC(X). The composition of inclusion (f,g) 7 is said 
to be trivial modulo (5, f) if 
(i 9)F = y a [Uils;» 
< f. If this is the case, then we 


where a; € k, 5; € S, [ui], are normal S-words and [uj]. 


write 


(f,9)7=9 mod(S, f). 


In general, for any regular word w and f,g € LC(X), we write 


f=g_ mod(S,w) 


which means that f — g = >> a;[ui]s,, where a; € k, s; € S and [uils, < w. 


a 


Definition 3.5 Let S Cc LC(X) be a nonempty set of monic polynomials and Id,(S) the right 
ideal of LC(X), generated by S. Then the set S is called a Grébner-Shirshov basis for Id,(S) 


if any composition of inclusion in S is trivial modulo S. 


Lemma 3.6 Let [ui]s,, [u2]s, be normal S-words. If S is a Grobner-Shirshov basis for Id,(S) 


and w = [ui|s, = [Ua]s,, then 


[uils, = [uz], mod(S,w). 


Proof If [uils; = 81 or [u2]s, = $2, then the lemma holds since S is a Grébner-Shirshov 
basis for Id,(S). 
Suppose that 
[wiley = Lv, ++ Lu, Lie}, Lup_1 ++ Lu, (22), 


[u2] so — Lu, — Ly Lw),, wor me ‘Dw, (x3), 


where wy > +--+ > Up > [U]s, > Up-1 > +++ > V1 and Wm > +++ > Wq > [Whey > Wq-1 2 > W1- 


From [wi]s, = [w2]s, and Lemma 2.3, it follows that 2; = x;,1 = m and either p = q,v1 = 


W1, V2 = W2,°++ , wy = wi, |v]s, = [w]s, or p 4 ¢,(Here without loss of generality we may assume 


p> q), V1 = Wi, v2 = We,:*: » Ug—1 = Wq-1;Uq = [w] so, Vg+1 = Wqr*** 5 Up-1 = Wp-2; [U]s1 = 
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Wp—-1; Up = Wp," ** , Ul = W- 


If p= 4, U1 = Wi, v2 = W2,°++ = WI, [U]s, = [W]s., then 


[ei)e, aad [wa] s2 = Ly, --- Ly, Lv) 5, —[w] sg) Lvp-1 Dy, (x). 


By induction on w, [v]s, = [w]s. mod(S, [v],,)). From Lemma 3.3, it follows that [ui], = 
[u2]s, mod(S,w). 


Suppose that p > q, U1 = W1, V2 = Wa,+ + , Ug-1 = Wq-15Uq = [W]so, Vg41 = War Up-1 = 
Wp—2; [U]s; = Wp—1, Up = Wp, + , VE = W. Then 
[ui]s: — [uals, = Ly Ly, Liv}., Dyg ia? Logg Lug bugs +++ Lor (xi) 


—Ly, +++ Ly, Lipy,, L 
+Ly, +++ Ly, Lp, Lops’ 
a ee eee 
= Dy De, big 
ai, Sgt 


5 Diag sceh tai Doni 2? Lay) 
2 Dogs litiay gy? Lay) 
tip OF Ding a tag 3 0 Delay) 
buyin Lug ys Lfuleg vga ++ Evy (i) 
[v]., Lop—1 — Lys L (Qw].g—vq) Logi “++ Dy, (a). 


Up-1° 


sy—Wp-1 


Since [v]s, — Wp—1, [W]s. — Ug < w, by Lemmas 2.5 and 3.3, we conclude that 


[wils, = [U2]s, mod(S,w). 


This completes our proof. 


Theorem 3.7 Let S Cc LC(X) be a nonempty set of monic polynomials, N(X) the set of all 
regular words on X and < the non-associative degree inverse lexicographic ordering on N(X). 
Let Id,(S') be the right ideal of LC(X) generated by S. Then the following statements are 
equivalent: 


(i) Sis a Groébner-Shirshov basis for Id,(S); 


(ii) f € Id,(S) > f = [uls for some s € S , where [u], is a normal S-word; 


(iti) f € Id-(S) > f =ayj[ui]s, + a2[uals, +--+, where a; Ek, [urls, > [uals, >-+-, and 
[wils; are normal S'-words. 


Proof (i) = (ii). Let S be a Grébner-Shirshov basis and 0 4 f € Id,(S). We may 
assume, by Lemma 3.3, that 


ie = » a; [wi]si» 
i=1 


where a; € k, and [u;],, are normal S-words. Let 


i 


wi = [uis,, Wi = Wo = SW > wi See. 


We will use the induction on / and w; to prove that f = [u], for some normal $-word [u].. 
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If 1 =1, then f = [ui],, and hence the statement holds. Assume that | > 2. Then 
ay [ti}s, + @2[u2]s. = (a1 + @2)[ta]s, — o2([ua]s, — [wa]s2) 


and by Lemma 3.6, we have 
[ui]s: = [wa]s. mod(S, [wi)). 


Thus, if ay + a2 £40 or! > 2, the result follows from the induction on /. For the case that 
a, + a2 = 0 and I = 2, we shall use induction on w, and then the result follows. 
(ii) = (iii). Assume that (ii) and 0 4 f € Id,(S). Let f = aif +---. Then, by (ii), 
f =[uils;- Therefore, 
fi=f—oaluijs, i<f, fi € Id,(S). 


Now, by using induction on f, we have (iii). 


(ii7) = (i). Suppose that (f,g) 7 = f—[u]g is a composition of inclusion of f and g, f,g € S. 
It is clear that (f,g)7 € Id,(S). Then, by (i), we have (f,9)7 = aa[uils; + Q2[uals, +-°-, 
where a; €k, f > (f,9)7 = [uils, > [uals. > +++. This completes the proof. 


Theorem 3.8 The membership problems for the right ideals of free left-commutative algebras 


are decidable. 


Proof Let X be a finite set and N(X) all regular words on X. Let 


T = {(u1, va,-++ ur) iui € N(X), uy > ug > +--+ > uy, 1 < Tf. 


For (ui, U2,+-+ , Up), (V1, U2,°°+ Ug) € T, we define (ur, u2,--- ,Up) > (v1, v2,--+ , Ug) if either 
p>qorp=qand (uy, U2,-*+ , Up) > (U1, V2,-++ , Ug) lexicographically. Clearly, this ordering is 
a well ordering on T’. 

Let S = {f1,...,fm} € LC(X),1 < m. Let us assume that f; > fo > +: > fm: 
Then we set (S$) = (fi, fa,--:,fm)- If there exists a composition of inclusion (fj, ae of 


fi; and f;, i < j, then we replace f; by (fi fx and then we obtain a new set S$}. Clearly, 
Id,(S) = Id,($1) and w(S) > w($1). Since the ordering on T is a well ordering, we may obtain 
a finite Grébner-Shirshov basis S, for the right ideal Id,(.S) of LC(X). 

Now, we show that the membership problem for the right ideal Id,.(.S) is decidable. We 
may assume, without loss of generality, that S is a finite Grobner-Shirshov basis for the right 
ideal Id, (S$). For an element g € LC(X), if there is no normal $-word [u] s, such that g = [ul ,, 
then by Theorem 3.7 we may conclude that g ¢ Id,(S). Otherwise, we let g: = g — [uly,. 
Clearly, g € Id,(.S') if and only if g, € Id,(S). Since 97 < g, we may complete the proof of this 


theorem by the induction on g. 
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Abstract: In this paper, we study the curvature properties of the special (a, 3)- metric 
2 


F=a+ce8+k— (where ¢,k # 0 are constants). We find the expressions for Riemann 
a 

curvature and Ricci curvature of the special (a, 3)-metric, when ( the 1- form is a killing 

form of constant length. We give a characterization of the projective flatness for the special 


(a, B)- metric. 
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§1. Introduction 


A Finsler metric F(x, y) on an n-dimensional manifold 14” is called an (a, 3)-metric ([4]) F(x,y), 
if F is positively homogeneous function of a and G of degree one, where a® = aj;(x)y’y? is a 
Riemannian metric and 6 = b;(x)y’ is a 1-form on M”. The (a, 3)-metrics form an important 
class of Finsler metrics appearing iteratively in formulating physics, mechanics, Seismology, 
Biology, control theory, etc ({1], [6]). There are several interesting curvatures in Finsler geometry 
({2], [5]), among them two important curvatures are Riemann curvature and Ricci curvature. 

Riemannian metrics on a manifold are quadratic metrics, while Finsler metrics are those 
without restriction on the quadratic property. The Riemannian curvature in Riemannian ge- 
ometry can be extended to Finsler metrics as a family of linear transformations on the tangent 
spaces. The Ricci curvature plays an important role in the geometry of Finsler manifolds and 
is defined as the trace of the Riemannian curvature on each tangent space. 


Consider the Finsler space F” = (M", F) that is equipped with the special (a, 3)-metric 
2 


F=at+eBt+ pall (« £0, k £0 are constants), where a? = a;;(x)y’y! is a Riemannian metric 
a 
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and 3 = b;()y’ is a 1-form on an n-dimensional manifold M". Then the space R” = (M", a) 
is called the associated Riemannian space with F” = (M",F). The covariant differentiation 
with respect to the Levi Civita connection 7, (x) of R” is denoted by (:). We put a7 = (aij)~* 


The main purpose of the oe paper is to investigate the curvature properties of the 
special (a, 3)-metric @ + €3 + ge (e,k # 0). The paper is organized as follows: Starting 
with literature survey in section one, we find the Riemann curvature and Ricci curvature of 
the Finsler space with special (a, 3)- metric a + 63 + pe in section two (see Theorem 2.1). 
In section three, we obtain the necessary and sufficient conditions for a Finsler space with 
(a, 3)-metric to be locally projectively flat (see Theorem 3.1 ). 


GB? 


§2. Riemann curvature and Ricci curvature of special (a, 3)-metric a + «G+ k— 
a 


Let F be a Finsler metric on an n-dimensional manifold M and G" be the geodesic coefficient 
of F, which is defined by 


Gt = Jo! (UF emg — Fle}. (1) 


For any z € M andy € T, M\ {0}, the Riemann curvature R, = Riga @dz™ :T,M" > 
T,M” is defined by 


. OG 0G 0?G 0G’ aG™ 
Ri, = 2 - yy” + 2G" — - —. (2) 

Oz™ = Oa™Oy™ Oy™dy™ = Oy™ Oy™ 
The Ricci curvature is the trace of the Riemann curvature, and the Ricci scalar is defined 

by 
. 1 
Ric= Rj, R= Ric. (3) 
n—-1 


By definition, an (a, )-metric on M is expressed in the form F' = ad(s),s = g where 
a= v/ai;(x)y’y™ is a positive definite Riemannian metric, 3 = b;(x)y’ is a 1-form. It is known 
that (a, 3)-metric with ||3,||. < bo is a Finsler metric if and only if ¢ = ¢(s) is a positive 


smooth function on an open interval (—bo, bo) satisfying the following conditions: 
o(s) — sd’ + (b? — s”)¢"(s) > 0, V |s| <b < bo. (4) 


For a special (a, 3)-metric a + 68 + n&, we have 


QL1B 


$(s) =(1+es+ks*); s= (5) 


Let G’(a, y) and G’,(x, y) denote the spray coefficients of F and a respectively. To express 
formula for the spray coefficients G’ of F in terms of a and 3, we need to introduce some 
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notations. Let b;.; be a covariant derivative of b; with respect to y). Denote 


1 1 
rig = 5 (is + by5)) Sig = 5 (is = Die); 
si = a gin, 35> bis’ = sid’, y= rid’, 


; +. 
ro=T7y’, 80=87y’, To =Tyy'y’. 


g the geodesic coefficients G’ are 


Lemma 2.1([3]) For an (a, )-metric F = ag(s), s = 
given by 
G = GE + aQsp + O(—20Qs9 + ro9) + W(—2aQso + ro0)(b' — aT (6) 
where 
_ ? 
© one 
a (6- sb)o 
2((¢ — so’) + (b? — 7) b"” 
Vv - oe ee 
2((6 — so’) + (0? — s?))b"" 


Here b' = a%b;, and b* = a4b;b; = b;b!. 


Lemma 2.2 For a special (a, 3)-metric F = a+ ¢€38+ Ke, the geodesic coefficients G’ are 


given by 
i i (e+ 2ks) |; 
oS Large 


(e+ 2ks — eks? — 2k?53) 9 (e+ 2ks) 
2(1 + 2kb® — 3ks2)(1 + es + ks”) o 


y’ k (€ + 2ks) iY 
TOO e eo | a Bea eC s0 + 700| (aaa) (7) 


Proof By a direct computation, we get (7) from (6) 


Theorem 2.1 For a Finsler space with special (a, 3)- metric F = a+ ¢€3+ KZ, the Ricci 


curvature of F is given by 
Ric = Ric + T, (8) 


where Ric(= Ric) denotes the Ricci curvature of a, and 


4k Fa? ? 2k 
Lf = (o? — kB? — PP 80; 50° a pei aa alt —-- So. 
2(ea? + 2kaf){ea* — eka? GB? + 2ka®B — 2k2a08? + 2ska? F} - 
aa (a? — kG2)2 SomSo 


a2 (ea? + 2ka)? sgl 
(a? _ 32)? jem 
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Proof Consider the Finsler space with special (a, ()- metric F = a+ 6B + ne on an 
n-dimensional manifold M". From Lemma 2.2, the geodesic coefficients G* of F are related to 
the coefficients G’, of a by 


G=Gy+ Py +T, (9) 
where 
[e — 2k + 2k(1 — €)s — (€ + 2k) ks? — 2k?s3] (e+ 2ks) 
p — [ee 2k+2k(1— es ~ (e+ 2k)kst — 2k*s"|7_ 
2a(1 + 2kb? — 3ks?)(1 + es + ks?) | ~ tke = roo]: 
i ale + 2ks) k —2a(e+ 2ks)so 
= a | Se bi 1 
T 1— ks? +R | 1-722 + ro0| (10) 


In this section, we assume that @ is a killing form of constant length i. e., 3 satisfies 


f=, ond Fopy = 0. (11) 
Equation (11) implies that 
Sij = bi:5, sj = b's; _ 0, bis! = b's,,a7” = —b'sjpa” = 0; (12) 
Thus P = 0 and (9) reduces to 
G=aGLer', (13) 
where (edie) 
, ale 8) ; 
T* = ————— 5 14 
1—kse °o (14) 


Now from (2) and (13), we obtain ([7]) 


RR 49r tor (15) 
where T= — . Thus the Ricci curvature of F is related to the Ricci curvature of a by 
Ric = Ric + 27, —y'T,, —TOTh, + 20T (16) 
where “: “and “. denotes the horizontal covariant derivative and vertical covariant derivative 
with respect to the Berwald connection determined by G respectively. 
Note that 
Q:m = 0, Ym = 0, Bem, = Tom + Som; bn = 2(Tm F Sm); Bin = ri, a a. 
bi SY S0i (b; Yi biy;) Yi Aji 
Aig gat ge ge ge ae 
2k; 
We have Fin = (0+ 68+ k2)in = («+ ae boom and Fy = (0+ B+ hE )ym = HY 
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€bm + pom (14), we have 
ie 2kF'so;sy' a(e+2ks) ,, 
ee 
s (1 — ks?)?a 1—ks? “4 
2kF a3 m , (€a+ 2k) ,, 
= (a2 — Bry? 20950 + ah a2 209 (17) 


Using b;s4, = 0, bis’ =0, 43 =0& YiSh.4 = 0, we obtain Ti", = 0 and Ty", ty = 0, 
Consequently, we obtain the following 
2 2 3 
ere (ea* + 2ka) a 2kFa . 
lie = (a2 — kB2)2 $k0S9 — "(a2 — kB 8708) 
(ea? + 2kaB)? <0 2kaF F(ea® + 2kaB) | 9 
Cet i a Colt 


m 2 (ca? + 2kaB)? ™ oJ 


eee (ea? + 2ka)? fe 2ka F (ea? + 2ka) 
Tirm = 2 Soma "faa pgaye os om 


(a? — Rpzy “om®o — 28a _ ays 


Plugging these values into (16), we get 


Ric = Rict+27™-yT™,, TTI, + 2057", 
_— 4k Fa? m , 90° (€a + 2kB) sn (ca? + 2kaf)? a 
= Rict+ (a2 — kB)? 707%0 + 22 ps + “(a2 — kpzy2 “om*o + 


Aska? F (ea? + 2ka3) 9 (€a? + 2kaB)* j (ca? + 2kaZ)? _ 
(a? — kG?)8 i al (a2 — 2)? j mt 2 (a2 — kB2)2 5m050 
2kF a3 jg (€0" + 2kaB)? ka F (ea? + 2ka) 


0 
2s C= Fegeyz 89050 +2 (a? — PP 898; — 48 (a? — kB Sey (18) 
Since 8m90 = —Som and s} = —8j9, equation (18) becomes 
—— 4k Fa3 a? (ea + 2k3) ,, (ea? + 2kaB)? 
Se er 
Ric Ric+ (he 380389 + he 86.4 + (a2 — ke Som8o. + 
Aska? F(€a? + 2ka/3) fe EOP DRO)? oy gp 
(a2 — kB)3 50m — (a2 — kB?) 53 Sm 
__ Ak Fa a? (ea + 2k) 
= Rict+ (a2 — gaz ooo" + 2 age 8 oe 
2(ea? + 2kaf){eat — eka? BG? + 2ka 3B — 2k?2aB3 + 2skorF} sm 
(a? — kG)? ae 
249k 
2 (ea? + 2kaB)? 3" mgd. (19) 


Oe — ke 


This completes the proof. 
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§3. Projectively Flat (a, 3)-metric 


A Finsler metric F = F(x,y) on an open subset U C R” is projectively flat [3] if and only if 
Feagty _ Fu = (), (20) 
By (20), we have the following lemma ([8]). 
Lemma 3.1 An (a,()- metric F = ad(s), where s = g is projectively flat on an open subset 
U C R” af and only if 


(ami? — ymy)Gm + a? Qsio + Ya(—2aQso + roo) (bia — sy) = 0. (21) 


B? 


In this section, we consider the Finsler space with special (a, 3)- metric F = a+e6+k—, 
Q 
where e,k £ 0 are constants. We have 


F=ad¢(s), $(s) =(1+es+ks?). (22) 


Let bo > 0 be the largest number such that 


(8) — s$’(s) + (b? — s)¢"(s) > 0, (s| <b < bo). (23) 
That is, 
1+ 2kb? — 4ks? > 0, (|s| <b < bo). (24) 
3? 


Lemma 3.2 F=a+¢3+k— is a Finsler metric iff ||Gl|o <1. 
a 


2 
Proof If F=a+eB+ ee is a Finsler metric, then 
a 


1+ 2kb? —4ks* > 0, (|s| <b < bp). (25) 
Let s = b, then we get b < : Vb < bo. Let b > bo, then bo < : So ||B\la <1. No 
= b, n we ge ——; . — bo, then ——; én : Ww, 
r 8 7h 0 0 0 7k 
1 
1 
s| <b< — 26 
Is] $0< (26) 
then 
1+2kb? —4ks? > 0, (|s| <b < bp). (27) 


2 
Thus F=a+eB+ all is a Finsler metric. 
a 
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By Lemma 2.2, the spray coefficients are given by 


Oo = ca? + 2kaB 
a2 = kB? 
i ea? — 2ka? 8 — ekaB? — 2k? 83 
Of (1+ 2kb?)a2 — 3k6?2 Vo? + eaB + kB?’ 
ka? 
y 


(1 + 2kb2)a2 — 3k G2 


Equation (21) is reduced to the following form: 


242k ka? 
(amie — vn + 08 (SHPO ay + 0( eh) 


a2 — kB? 1 + 2kb)a2 — 3kB? 
[-20( A ) 50 a roo| (bra _ ey) = 0: (28) 


Lemma 3.3 If (amia? — ymyi)G™ = 0, then a is projectively flat. 


Proof If (Gmia? ~~ YmyGy — 0, then 
Amie” = YmyiGe , 


then there is a 7 = (a, y) such that ynG™ = an, we get 


AmiGo = NYL- 


Contracting with a” yields Gt, = ny’, and thus a is projectively flat. 


Theorem 3.1 A Finsler space with special (a, 3)-metric F = a+ €8 + ae (where «, k # 0 


are constants) is locally projectively flat iff 


(1) @ is parallel with respect to a; 
(2) a is locally projectively flat, i. e., of constant curvature. 
Proof Suppose that F is locally projectively flat. First, we rewrite (28) as a polynomial in 


y’ and a. This gives, 


(aia? = yn) Ge [{(1 + 2kb*)a? — 34 3?}{a? — ks? }] + Bho B{ (1 + 
2kb*)a* — 3k37}si9 + kroga? (a? — kB7)(bja? — By) — 4k?04*Bs9(bja? — 
By.) + afeot{(1 + 2kb*)a? — 3k87}s19 — 2eka*so (bya? — By) = 0. (29) 


or 
U+aV =0, (30) 
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where 
T= (mice? — ymyr)GE |{(1 + 2kb?)0 — 34B?}{ a? — bG?}] + Bho B{(1 + 
2kb*)a* — 3k37}s19 + kropa?(a? — kB7)(bja? — By) — 4k?048s9 
(bia? _ By), 
and 
Vi = ea*{(1+ 2kb?)a? — 3k67}s19 — 2eka4sq(bja? — By). 


Now, (30) is a polynomial in (y*), such that U and V are rational in y’ and a is irrational. 
Therefore, we must have 
U =Oand V =0, (31) 


which implies that 
(ama? = yan GE [{(1 + 2kb?)a? — 3h 6?}{0? — B?}] + Bho A{ (1 


+2kb*)a? — 3k87}s19 + kroga?(a? — kB7)(bja? — By) — 4k20* B59 
(bia? — By) = 0 (32) 


and 
ea“ {(1 + 2kb?)a? — 3k87}s19 — 2eka*sq (bia? — By) = 0. (33) 


From (30), considering only terms which do not contain G. There exists a homogenous 
polynomial V7 of degree seven in y’ such that 


{( + 2kb? esq — akebiso ba” = pV. (34) 
Since a? ¥ o(mod3), we must have a function u! = u!(x) satisfying 
(1 + 2kb?)esio — 2kebjsy = u'B. (35) 
Transvecting (35) by b;, we have 
(1 + 2kb*)esq — 2keb?s9 = ul Bd!. (36) 


That is, 
es; = ulbjbj. (37) 
Further transvecting by b’, we have u'b;b? = 0, which implies u!b, = 0. Substituting this 
equation into (36), we get so = 0. Now, from (32), by contracting with b', we get 
(Bino2 — Yn B)G™ ie + 2kb?)a? — 3k6? a? — kG?}] + 2katB{(1 + 
2kb*)a? — 3k37}s9 + kroga’(a? — kG?)(b2a? — 87) — 4k?a04Gs9(bja? — By) = 0. (38) 
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Since so = 0, we get 


(Oma? — YmB)GQ ie + 2kb’)a” — 3k8"}{a" — kB?}) + krooa® (a? — kG")(b?a? — 6?) = 0. (39) 


Contracting (39) by y”, we get 


Too = 0. (40) 


From (33), we get 
si9 = 0. (41) 


Then by (40) and Lemma 3.3, a is projectively flat. From (40) and (41), b;.; = 0, i. e., 6 is 
parallel to a. 


Lemma 3.3, we can easily see that F is locally projectively flat. 


Conversely, if 3 is parallel with respect to a and a is locally projectively flat, then by 
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Abstract: A roman dominating function on a graph G is a function f : V(G) —> {0, 1, 2} 
satisfying the condition that every vertex v € V(G) for which f(v) = 0, is adjacent to at 
least one vertex u with f(u) = 2. The weight of a roman dominating function f is the value 


w(f) = >> f(v). The minimum weight of a roman dominating function is called the roman 
vEeV 


domination number of G and is denoted by yr(G). A roman dominating function f is called 
a nonsplit roman dominating function if the subgraph induced by the set {uv : f(v) = 0} 
is connected. The minimum weight of a nonsplit roman dominating function is called the 
nonsplit roman domination number and is denoted by ynsr(G). In this paper, we initiate a 


study of this parameter. 


Key Words: Domination number, roman domination number and nonsplit roman domi- 


nation number. 


AMS(2010): 05C69. 


§1. Introduction 


The graph G = (V, E) we mean a finite, undirected, connected graph with neither loops nor 
multiple edges. The order and size of G are denoted by n and m respectively. The degree of 
a vertex u in G is the number of edges incident with u and is denoted by dg(u), simply d(u). 
The minimum and maximum degree of a graph G is denoted by 6(G) and A(G), respectively. 
For graph theoretic terminology we refer to Chartrand and Lesniak [1] and Haynes et.al [8, 4]. 

Let v € V. The open neighborhood and closed neighborhood of vu are denoted by N(v) 


and N{v] = N(v) U {v}. If S CV then N(S) = U N(v) for all v € S and N[S] = N(S)US. 
ves 
If S C V and u € S then the private neighbor set of u with respect to S is defined by 


pnlu, S] = {v: N[v] NS = {u}}. For any set S C V , the subgraph induced by S is the maximal 
subgraph of G with vertex set S and is denoted by (5').The vertex has degree one is called a 
pendant vertex. A support is a vertex which is adjacent to a pendant vertex. A weak support 
is a vertex which is adjacent to exactly one pendant vertex. A strong support is a vertex which 
is adjacent to at least two pendant vertices. An unicyclic graph is a graph with exactly one 
cycle. A graph without cycle is called acyclic graph and a connected acyclic graph is called 
a tree. H(m1,mge2,---,Mn) denotes the graph obtained from the graph H by attaching m; 
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pendant edges to the vertex v; € V(H),1 <i<n. The graph K2(m1, mz) is called bistar and 
it is also denoted by B(m,,m2). H(Pm,,;Pm.,:+: ,Pm,,) is the graph obtained from the graph 
HT by attaching an end vertex of P,,, to the vertex v; in H,1<i<n. The clique number w(G) 
is the maximum order of the complete subgraph of the graph G. 

A subset S' of V is called a dominating set of G if every vertex in V — S is adjacent to at 
least one vertex in S. The minimum cardinality of a dominating set is called the domination 
number of G and is denoted by 7(G). V-R.Kulli and B.Janakiram [5] introduced the concept of 
nonsplit domination in graphs.Also T.Tamizh Chelvam and B.Jayaparsad [6] studied the same 
concept in the name of the complementary connected domination in graphs. A dominating 
set S is called a nonsplit dominating set of a graph G if the induced subgraph (V — S) is 
connected. The minimum cardinality of a nonsplit dominating set of G is called the nonsplit 
domination number of G and is denoted by 7.(G). A dominating set(nonsplit dominating set) 
of minimum cardinality is called y—set (yns—set) of G. E.J.Cockayne et.al [2] studied the 
concept of roman domination first. A roman dominating function on a graph G is a function 
f : V(G) — {0,1,2} satisfying the condition that every vertex v € V for which f(v) = 0 is 
adjacent to at least one vertex u € V with f(v) = 2. The weight of a roman dominating function 


is the value w(f) = >> f(v). The minimum weight of a roman dominating function is called 
vEeV 
the roman dominating number of G and is denoted by yr(G). P.Roushini Leely Pushpam and 


S.Padmapriea [6] introduced the concept of restrained roman domination in graphs. A roman 
dominating function f is called a restrained roman dominating function if the subgraph induced 
by the set {v : f(v) = 0} contains no isolated vertex. The minimum weight of a restrained 
roman dominating function is called the restrained roman domination number of G and is 
denoted by 7,r(G). In this paper we introduce the concept of nonspilt roman domination and 
initiate a study of the corresponding parameter. 


Theorem 1.1 ([7]) Let G be a graph. Then yns(G) =n — 1 if and only if G is a star. 


§2. Nonsplit Roman Domination Number 


Definition 2.1 A roman dominating function f is called a nonsplit roman dominating function 
if the subgraph induced by the set {v: f(v) = 0} is connected. The minimum weight of a nonsplit 
roman dominating function is called the nonsplit roman domination number of G and is denoted 


by Ynsr(G). 


Remark 2.2 For a graph G, let f : V —> {0,1,2} and let (Vo, Vi, V2) be the ordered partion 
of V induced by f, where V; = {v € V : f(v) = i}. Note that there exists an one to one 
correspondence between the function f : V —> {0,1,2} and the ordered partition (Vo, Vi, V2) 
of V. Thus we will write f = (Vo, Vi, V2). 

A function f = (Vo,Vi, V2) is a nonsplit roman dominating function if Vo C N(V2) and 
the induced subgraph (Vo) is connected.The minimum weight of a nonsplit roman dominating 
function of G is called the nonsplit roman domination number of G and is denoted by Ynsr(G). 


We say that a function f = (Vo, Vi, V2) is a Ynsr—function if it is an nonsplit roman dominating 
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function and w(f) = Ynsr(G). Also w(f) = [Vi] + 2{Va]. 


A few nonsplit roman domination number of some standard graphs are listed in the fol- 


lowing. 


(1) Any nontrivial path P,, Insr(Pn) =n; 
(2) Ifn > 4 then Ynsr(Cn) = 5 

(3) Ifn > 2 then Ynsr(Kn) = 2; 

(4) Val Wr) = 2; 

(5) Aner (Ki, n— 1)= =n; 

(6) Ynsr(Ky,s) = 4 where r,s > 2. 


Theorem 2.3 For a graph G, Yns(G) < Ynsr(G@) < 29ns(G). 


Proof Let f = (Vo,Vi, V2) be a Ynsr—function. Then Vj U V2 is a nonsplit dominating 
set of G. Hence yns < |Vi U Ve] = [Vil + [Vo] < [Vi] + 2|V2] = ansr. Also, let S be any 
Yns—set of G. Then f = (V — $,¢,S) is a nonsplit roman dominating function of G. Hence 
Ynsr(G) < 2|S] = 2yns(G). 


Observation 2.4 For a nontrivial graph G, 
(i) 7(G) = Yns(G) < Ynsr(G); 
(it) 2 < Ynor(G) <n 


Remark 2.5 (7) For any connected graph G, Ynsr(G) = 2 if and only if there exists a non 
cut vertex v such that dg(v) =n—-— 1. Thus ynsr(G) = 2 if and only if G = H + Ky for some 
connected graph H. 

(ii) For any connected spanning subgraph H of G, Ynsr(G) < Ynsr (A). 


Theorem 2.6 If G contains a triangle then Ynsr(G) <n-— 1. 


Proof Let v1, v2, v3 form a triangle in G. Then f = ({v1, v2}, V — {v1, v2, v3}, {u3}) isa 


nonsplit roman dominating function of G and hence yn5-(G) <n —1. 


Theorem 2.7 Let v € V(G) such that dg(v) = A and (N(v)) be connected. Then Ynsr(G) < 
n-A+1. 


Proof Let us take f = (N(v),V — N{v], {v}). Then it is clear that f is a nonsplit roman 
dominating function. Hence yns-(G) < |V — N[v]| +2 =n—-(A+1)4+2=n-A+H+1. 


Definition 2.8 Let f = (Vo,Vi,V2) be a nonsplit roman dominating function and let u € 
Vi,0<i1<2. The function f, is defined as follows: 
Let V; and V;, be the two sets in the ordered partition (Vo, Vi, V2) other than V;. 
V,—{u}, ifl=i 
VWi=VVjU{u}, fl=5 
Vey fl=k,O<1<2. 
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Then the function fu = (Vg, Vj, Va)- 
It is clear that for every u € V; there are two functions fy. 


Definition 2.9 A nonsplit roman dominating function f = (Vo, Vi, V2) is said to be a minimal 
nonsplit roman dominating function if for every u € V;,0 <i <2 either w(fu) > w(f) or fu is 


not a nonsplit roman dominating function. 


We now proceed to obtain a characterization of minimal nonsplit roman dominating func- 


tion. 


Theorem 2.10 A nonsplit roman dominating function f = (Vo, Vi, V2) is minimal if and only 


if for each u€ Vi and v € V2 the following conditions are true. 


(i) N(u) NV) =¢ or N(u) Ve = 4; 
(it) There exists a vertex w € Vo such that N(w) NV2 = {v}. 


Proof Let f = (Vo,Vi, V2) be a minimal nonsplit roman dominating function and let 
u€Vi,v € Vo. Suppose N(u) Vo 4 d and N(w)N V2 A ¢. Then fy = (VoU {u}, Vi — {u}, Va) 
is a nonsplit roman dominating function with w(fu) = [Vil — 1 + 2|V2| < w(f) which is a 
contradiction. Hence either N(u) 1 Vo = ¢ or N(u)N V2 = @. 

Suppose there is no vertex w € Vo such that N(w) V2 = {v}. Then f, = (Vo,Vi U 
{v}, Vo — {v}) is a nonsplit roman dominating function with w(f,) = [Vil + 1+ 2(|Va| — 1) = 
|Vi| + 2|Vo| — 1 < w(f) which is a contradiction. Hence for every v € V2 there exists a vertex 
w € Vo such that N(w) NM V2 = {vu}. The converse is straightforward. 


Theorem 2.11 For a nontrivial graph G, Ynsr(G) + w(G) < n+ 2 where w(G) is the clique 


number of G. 


Proof Let S be a set of vertices of G such that (S) is complete with |$| = w(G). Then 
f = (S — {u},V — S,{u}) is a nonsplit roman dominating function of G. Hence Ynsr(G) < 
|V — S| +2=n—(G) +2. Thus Insr(G) + w(G) <n+2. 


Theorem 2.12 For a graph G, Ynsr(G) > 2n-—m—1. 


Proof Let f = (Vo, Vi, V2) be a Ynsry—function. Since (Vo) is connected and every vertex 
in Vo is adjacent to at least one vertex in V2, (Vo U V2) contains at least 2|Vo| — 1 edges. 


Case 1. (Vj) is connected. 


Then (V,) contains at least |Vi| — 1 edges. Since G is connected there should be an edge 
between a vertex of Vj and a vertex of Vo U Va. Hence there are at least |Vi| edges other than 
the edges in (Vo U Va). 


Case 2. (Vj) is disconnected. 


Let Gi, Go,--+ ,G, be the components of (V;). Since each G; contains at least |V(G;)| — 1 


edges and since G is connected there exists an edge between a vertex of G; and a vertex of 
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Vo U Va. Hence there are at least =(|V(G;)| — 1) +k (= |Vi|) edges. 
Hence m > 2|Vo| —1+ |Vi] = 2(n — |Va] — |Va]) —14 |] = 2n — (2|Ve] + |Mi|) —1 = 
2n — “Yeah G) —1. Hence Ynsr(G) >2n-—m-—1. 


Corollary 2.13 For a tree T, Ynsr(T) =n. 


Proof n> nsr(T) > 2n—(n—1)—1=n. Hence yn5-(T) = n. 


Corollary 2.14 For an unicyclic graph G,n—1< Ynsr(G) <n. 


Theorem 2.15 Let G be an unicyclic graph with cycle C = (v1, 02,+++ Ug, U1). Then Ynsr(G) = 


n—1 if and only if one of the following is true. 


(7) C= C3; 
(it) dg(v) > 3 for all v € V(H) where H is a connected subgraph of C of order at least 
k-3 


Proof Let G be an unicyclic graph with cycle C = (v1, v2,--+ , vg, v1). Let C = C3. Then 
G contains a triangle and hence by Theorem 2.6, Yns-(G) < —1 which gives Jns-(G) =n—1. 

Suppose C' contains a connected subgraph H such that |V(H)| > k — 3 and dg(v) > 3 for 
all v € V(#). It is clear that H is either C or a path. Let P be a path in H of order k — 3. Let 
P = (v1, V2,+++ ,UR—3) and let u; € N(v;)-—V(C), vu; € V(P). Let X = {u1, u2,-++ ,ux—3}, Vo = 
V(P)U{upg, ve-2}, Vi = V(G)—(V(C)UX), Vo = XUf{vp_i}. Then f = (Vo, Vi, V2) is a nonsplit 
roman dominating function of G. Thus ynsr(G) < n— (k +k —3)+2(kK -—-3+4+1) =n—-1 and 
hence Ynsr(G) =n — 1. 

Conversely, let us assume Ynsr(G) =n —1. Let f = (Vo,Vi, V2) be a Ynsr—function of G. 
Suppose conditions (i) and (iz) given in the statement of the theorem are not true. 

Let P = (v1, v2,--+ ,Ug—3) be a path in C such that dg(v;) = 2 for some i,1 <i< k—3 
and dg(v;) =2,k-2< 9 <k. 


Case 1. i#Alandi#k—-3 


Then at least one vertex v in the subpath (v;-1,v;, Ui41) with f(v) 4 0 and at least two 
vertices u and w in the subpath (vpg_3, Ur—2, Uk—1, Uk, V1) With f(u) A 0 and f(w) 4 0 and hence 
either (Vo) is the union of two distinct paths or Vo = ¢. Thus either (Vo) is disconnected or 
|Vo| = |V2| = 0. Hence f is not a nonsplit roman dominating function or Y,s5, = nm which is a 


contradiction. 
Case 2. i=lori=k-—3 


Let dg(u;) > 3,1 <i < k—2 and dg(v;) = 2,k—-3 < j < k. Then at least two vertices x and 
y in {vg—3, Uk—2; Vk—-1, Uk}, dg(a%) # 0 and dg(y) # 0. Hence for every vertex v with f(v) = 2 
there exists exactly one vertex u with f(u) = 0. Thus yns-(G) = n which is a contradiction. 


This proves the result. 


Now we characterize the lower bound in Theorem 2.3. 


Theorem 2.16 Let G be a connected graph. Then Yns = Ynsr(G) if and only if G is a trivial 
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graph. 


Proof Let f = (Vo, Vi, V2) be a Ynsr—function of G. Then Yas(G) S |Vi| “F |V>| < 


|Vi| + 2|V2| = Ynsr(G) which gives |V2| = 0. Then Vo = ¢ and hence Vj = V. Then yns(G) = 
Ynsr(G) =n which gives G is a trivial graph. 


Theorem 2.17 Let G be a nontrivial graph of order n. Then Ynsr(G) = Yns(G) +1 if and only 
if there exists a vertex v € V(G) such that (N(v)) has a component of order n — Yns(G). 


Proof Let v € V(G) such that (N(v)) has a component of order n — yns(G). Let Gi be 
the component of (N(v)) with |V(G1)| = n — Ins(G). Let Vo = {v},Vi = V — (V(G) U {v}) 
and Y = V —V, — Vo. Then V, U V2 is a Yn5—set of G and f = (Vo, Vi, V2) is a nonsplit roman 
dominating function and hence Ynsr(G) < |Vi| + 2|V2| = n— (n— Yns(G@) +1) +2 = Yns(G) +1. 
Since G is nontrivial yn5(G) +1 < Ynsr(G) and hence Ynsr(G) = Ins(G) +1. 

Conversely, let us assume Ynsr(G) = Yns(G)+1 and let f = (Vo, Vi, V2) be a Insr—function 
of G. Then Ynsr(G) = |Vi| + 2|V2| which gives 7ns(G) + 1 = |Vi| + 2|Vo|. Then [Yi] = yns(G) + 
1 215]. 

Suppose |V2| > 2. Since Vj U V2 is a nonsplit dominating set, yns(G) < |Vil + |Va| = 
Ins(G) + 1 — 2|Vo] + |V2] = Ins(G) + 1 — [V2] < Yns(G) — 1 which is a contradiction. Hence 
[Vo| <1. 

If |V2| = 0 then |Vo| = 0 and hence |Vi| = V. Thus ¥ns-(G) = n and Yns(G) =n—1. Then 
by theorem 1.1 G is a star. Let v be a pendant vertex of G and hence (N(v)) is a center vertex 
of star G. Thus |N(v)| = 1 =n — (n—1) = n= Yns(G). 

Suppose |Vo| = 1. Let Vo = {vu} and let f = (Vo,Vi, V2) be a Ins-—function of G. 
Thus 9nsr = [Vil + 2. Then yns(G) + 1 — 2 = |Vi| which gives |Vi| = yns(G) — 1. Hence 
|\Vo| =n — |Vi| — |V2] = 2 — (Qns(G) — 1) — 1 =n — Ans(G) then the result follows. 


Corollary 2.18 For any graph G, if Ynsr(G) = Yns(G) +1 then diam(G) < 4 and rad(G) < 2. 


Proof Let Ynsr(G) = Yns(G) + 1. Then there is a vertex v € V(G) such that (N(v)) has 
a component of order n — yns5(G). Hence every vertex in V — N{v] is adjacent to a vertex in 
N(v).Thus diam(G) < 4 and rad(G) < 2. 


Corollary 2.19 IfT is a tree then Ynsr(T) = Yns(T) + 1 if and only if T is a star. 


Theorem 2.20 Let G be an unicyclic graph with the cycle C = (v1,v2,°-+: ,Up,U1). Then 
Ynsr(G) = Yns(G) + 1 if and only if G is isomorphic to C3(n1,N2,0). 


Proof Let us assume Ynsr(G) = Yns(G) + 1. Then there is a vertex v € V(G) such that 
(N(v)) has a component of order n — Yns(G). Let G, be a component of (N(v)) such that 
|V(Gi)| = 2 — Yns(G). If |V(G1)| > 3 then there is a path P(u1,u2,u3) in G;. Then the 
induced subgraph of the sets {v,u1,u2} and {v,u2,u3} are cycles which is a contradiction. 
Hence |V(G1)| = 2 and hence C = C3 so that C = (v1, v2, v3, U1). If dg(v;) > 3 for all ¢ then 
V —{v1, v2, v3} is a nonsplit dominating set of G and hence 7n,5(G) < n—3 then Ynsr(G) < n—2 
which is a contradiction. Hence dg(v;) = 2 for some 7. Let dg(v3) = 2. 
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Suppose there is a vertex « € V(G) — V(C) such that dg(x) > 2. Let vu: € V(C) such 
that d(C,x) = d(v1,a). Let (v1, 21,22,-°+: ,v,-,x),r > 1 be the shortest vj — x path. Then 
V(G) — {v1, v2,21} is a nonsplit dominating set of G and hence 7n5(G) < n — 3 which is a 


contradiction. Hence every vertex in V — V(C) is a pendant vertex which follows the result. 


Theorem 2.21 Let G be a nontrivial graph of order n. Then Ynsr(G) = Yns(G) +2 if and only 
if 

(i) every vertex v © V(G) such that (N(v)) has no component of order n — Yns(G); 

(ii) G has a vertex v such that (N(v)) has a component of order n —Yns(G) — 1 or G has 


two vertices u and v such that (N(u)U N(v)) has a component of order n — Yns- 


Proof Let the graph G be satisfy the conditions (7) and (iz) in the statement of the theorem. 
By condition (i) and Theorem 2.17, Ynsr(G) > Yns(G) +2. Suppose v € V(G) such that (NV (v)) 
has a component G; of order n—ns(G) — 1. Then (V(G1), V — (V(Gi) U {vu}, {v}) is a nonsplit 
roman dominating function of G and hence Ynsr(G) < n— (n= Yns(G@)—14+1)+2 = Yns(G) +2. 
Hence Ynsr(G) = Yns + 2. Suppose G has two vertices wu and v such that (N(u) U N(v)) has a 
component of order n — yn5(G). Let G2 be the component of (N(u) U N(v)) with |V(G2)| = 
N—%ns(G). Let V2 = {u,v},Vi = V — (V(G2) U {u, v}) and Vo = V — Vy — Vo. = V(G2). Then 
V, UV) is a Yns—set of G and f = (Vo, Vi, V2) is a nonsplit roman dominating function and hence 
Ynsr(G) S |Vil + 2[Val = n—(n—Yns(G@) +2) +4 = Yns(G) +2 and hence Ynsr(G@) = Yns(G) +2. 

Conversely, let us assume 7nsr(G) = Yns(G) +2 and let f = (Vo, Vi, V2) be a Insr—function 
of G. Then Ynsr(G) = |Vi| + 2|Va| which gives 7n5(G) +2 = |Vil + 2|Vo|. Then |Vi| = yns(G) + 
2 — 2|Val. 

Suppose |V2| > 3. Since Vj U V2 is a nonsplit dominating set, yns(G) < |Vil + |Va| = 
Yns(G) + 2 — 2|Va| + |V2| = Yns(G) + 2 — |V2| < Yns(G) — 1 which is a contradiction. Hence 
|Vo| < 2. 

If |V2| = 0 then |Vo| = 0 and hence [Vi] = V. Thus Ynsr(G) = n and Yns(G) = n — 2. 
Let S be a Yns—set of G. Then (V — S') = Kg = xy. Suppose || = 1. Then G = Cs and 
hence Ynsr(G) = 2 and 7ns(G) = 1 which is a contradiction. Thus || > 2. Then S contains 
two vertices u and v which dominates x and y. Thus G contains two vertices u and v such that 
(N(u) U N(v)) contains a component of order n — yng (G). 

Suppose |V2| = 1. Let Vo = {vu}. Then ynsr = |Vi] + 2. Thus yns(G) +2 — 2 = |Vi| which 
gives |Vi| = Yns(G). Then Vo contains n — yns5(G) — 1 vertices. Thus (N(v)) has a component 
a component of order n — Yns5 — 1. 

Suppose |V2| = 2. Let V2 = {u,v}. Then ns = |Vi] +4. Thus Yns(G) + 2—4 = |Vi| which 
gives |Vi| = Yns(G) — 2. Hence |Vo| = n — |Vi| — |Va| = 2 — (Yns(G) — 2) — 2 =n —  Yns(G) then 
the result follows. 


Corollary 2.22 IfT is a nontrivial tree then Ynsr(T) = Yns(L) +2 if and only if T has exactly 


two support vertices. 


Proof Let T be a tree with Ynsr(T) = Yns(T) + 2. Then yn5(T) = n — 2. Let wu and v be 


the support vertices such that d(u,v) is maximum. Let P(u = ui, u2,--- ,up =v) be the u—v 
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path. Let u; be the vertex lie in both u— w and u — v paths such that 7 is maximum. Then 


V — {uj-1, ui, Uigi} is a nonsplit dominating set which is a contradiction. Hence T contains 


exactly two support vertices. The converse is obvious. 


Now we characterize the upper bound in Theorem 2.3. 


Theorem 2.23 Let G be a graph. Then Ynsr(G) = 29ns(G) if and only if G has a Ynsr—function 
f = (Vo, Vi, V2) with [Vi] = 0. 


Proof Let f = (Wo,Vi, V2) be a nsr—function and |Vi| = 0. Then V2 is a nonsplit 
dominating set of G. Suppose, there exists a nonsplit dominating set S of G such that |S| < [Va]. 
Then g = (V—S, ¢, S) is a nonsplit roman dominating function of G and hence ynsr(G) < 2|S| < 
2|V2| which is a contradiction. Hence V2 is a y,,—set of G. Hence Ynsr(G) = 2|V2| = 2yns(G). 

Conversely we assume that Ynsr(G) = 2Yns(G). Let S be yns—set of G. Take Vo = 
V—S,Vi = ¢,V% = S.Then f = (Vo, Vi, V2) is a nonsplit roman donating function of G with 
w(f) = 2|V2| = 2|S| = 2y,,(G). Hence f is a yns5-—function of G with |Vi| = 0. 


Theorem 2.24 Let T be a nontrivial tree. Then Ynsr(T) = 2Yns(T) if and only if T is 


isomorphic to H o Ky for some tree H. 


Proof Let T be a tree with Ynsr(T) = 27ns(T). Then yns(T) = 4 Let S be a yns5—set of 


n n 
T. Then || = —, (V —S) is connected and |V — S| = —. It is clear that any vertex in S cannot 
adjacent to two or more vertices in V — S. If any two distinct vertices of S are adjacent to a 
vertex in V — S then at least a vertex in V — S is not dominated by S. Hence T is isomorphic 


to H o Kk, for some tree H. The converse is obvious. 


Since the graphs P, and Cs are self complementary, the following result is obvious. Hence 


we omit its proof. 


Theorem 2.25 Let G be a graph such that both G and G are connected. Then Ynsr(G) + 


Ynsr(G) < 2n and the bound is sharp. 


Theorem 2.26 Let G be a graph such that G and G are connected and diam(G) > 5. Then 


Ynsr(G) + Ynsr(G) < nt+A. 


Proof Let S = {u,v}, where d(u,v) = diam(G). Then f = (V — S,¢,S) is a nonsplit 
roman dominating function of G so that yns5-(G) < 4 and hence the result follows. 


Remark 2.27 The bound given in Theorem 2.28 is sharp. The graph G = Ps has diameter 5, 


Ynsr(G) = 6 and Ynsr(G) = 4. Thus Ynsr(G) + Ynsr(G) = 10 =n + 4. 


Problem 2.28 Characterize graphs which attain the bounds given in Theorems 2.25 and 2.26. 
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Abstract: All connected Cayley graphs over Abelian groups are Hamiltonian. However, for 
Cayley graphs over non-Abelian groups, Chen and Quimpo prove in [2] that Cayley graphs 
over Hamiltonian groups (i.e, non- Abelian groups in which every subgroup is normal) are 
Hamiltonian. In this paper we discuss a few of the ideas which have been developed to 
establish the existence of Hamiltonian cycles and paths in the vertex induced subgraphs of 


Cayley graphs over non-Abelian groups. 
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§1. Introduction 


Let G be a finite group and S be a non-empty subset of G. The graph Cay(G, S$) is defined 
as the graph whose vertex set is G and whose edges are the pairs (a, y) such that sa = y for 
some s € S and « € y. Such a graph is called the Cayley graph of G relative to S. The 
definition of Cayley graphs of groups was introduced by Arthur Cayley in 1878 and the Cayley 
graphs of groups have received serious attention since then.Finding Hamiltonian cycles in graphs 
is a difficult problem,of interest in combinatorics, computer science and applications. In this 


paper,we present a short survey of various results in that direction and make some observations. 


§2. Preliminaries 


In this section deals with the basic definitions of graph theory and group theory which are 
needed in sequel. A graph (V,£) is said to be connected if there is a path between any two 
vertices of (V, #). Every pair of arbitrary vertices in (V,£) can be joined by an edge,then it 
is complete. A subgraph (U, F’) of a graph (V, £) is said to be vertex induced subgraph if F 
consists of all the edges of (V, F) joining pairs of vertices of U. A Hamiltonian path is a path 
in (V,E) which goes through all the vertices in (V, £) exactly once. A hamiltonian cycle is a 
closed Hamiltonian path.A graph is said to be hamiltonian if it contains a hamiltonian cycle. 


Let G be a group. The orbit of an element x under G is usually denoted as Z and is defined 
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as & = {gx/g € G}. Let x bea fixed element of G. The centralizer of an element x in G, Cc(z), 
is the set of all elements in G that commute with x. In symbols, Ce(x) = {g € G/gx = xg}. 
The centre of a group is denoted as Z(G) and is defined as Z(G) = {g € G/gxu = xgVu € G}. 
A group G acts on G by conjugation means gx = garg! for all 2 € G. An element x € G is 


called an involution if 2? = e, where e is the identity. 


Theorem 2.1 Let G be a finite non-Abelian group and G act on G by conjugation. Then for 
x € G, the induced subgraph with vertex set Cg(x) of the Cayley graph Cay(G, Z) is hamiltonian, 


provided there exist an element a € &, which generates Cg(x). 


Proof Since a € & which generates Cg(x), we have Cg(x) = {a,a?,a°,--+ ,a” = e} and 
a # e, where e is the identity. Let u € Ce(x). Then uz = ru for  € G. Since Z is the 
orbit of c € G and G act on G by conjugation, we can choose an element s € Z such that 
s = (ua)a(ua)~!. 

Now su = (ua)a(ua)~u = (ua)a(a~tu-!)u = (ua)aa~*(u~tu) = (ua)aa~te = (ua)aa~* = 


(ua)e = ua, then there is an edge from u to ua. Again, 
s(ua) = (uwa)a(ua)~*(ua) = (ua)a(a~u~")(ua) = (wa)(aa~*)(u7*u)a = (ua)(ea) = ua?, 


then there is an edge from wa to ua’, so there exist a path from u to ua?. Continuing in this 


way, we get a path u — ua > ua? — ua? > --- = ua” = ue = u in the induced subgraph with 


vertex set Ce(x) of Cay(G,Z), which is hamiltonian. 


Example 1 Let G = Ss and let x = (123)(45).From the composition table we have Ce¢(x) = 
{(), (45), (123), (182), (123)(45), (132)(45)} and @ = {(123)(45), (124) (35), (125) (34), (132) (45), 
(134) (25), (135)(24), (142)(35), (143)(25), (145)(23), (152)(34), (153)(24), (154)(23), (15)(234), 
(14) (235), (15)(243), (13)(245), (14) (253), (13) (254), (12) (345), (12)(354)}. We observe that ei- 
ther (123)(45) or (132)(45) in & generates Cg(x). Then, Theorem 2.1 implies that the induced 
subgraph with vertex set Ce(x) of the Cayley graph Cay(G,Z) is hamiltonian and is given in 
Figure 1. 


(123)(45) () (132)(45) 


|] 


(132) (45) (123) 


Figure 1 


Theorem 2.2 Let G be a finite non-Abelian group and G act on G by conjugation. Then for x € 
G, the induced subgraph with verter set Ce(x) of the Cayley graph Cay(G,Z) is Hamiltonian, 
provided = contains two involutions a and b which generates Cg(x) and they commute. 


Proof Since & has two involutions a and b which generates Cg(xz), we have Ce(x) = 
{a,b,ab,e}. Let u € Co(x). Then uz = ru for x € G. Since Z is the orbit of r € G 
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and G act on G by conjugation, we can choose two involutions s; and s2 in & such that 
s; = (ua)a(ua)~! and sg = (ub)b(ub)~!. Now syu = (ua)a(ua)-tu = (ua)a(a~ut)u = 
(ua)(aa~*)(u-tu) = ((ua)e)e = ua, so there is an edge from u to ua. Again so(ua) = 
(ub)b(ub)~'ua = (ub)b(b-tu-')ua = (ub)(bb~1)(u~tuja = ((ubje)ea = uba = uab, then 
there is an edge from ua to uab, so there exist a path from u to uab. Again s;(uab) = 
(ua)a(ua)~!(wab) = (wa)a(a~'u-')(uab) = (ua)(aa~*)(u~tu)ab = ((ua)e)eab = (ua)ab = 


u(aa)b = (ue)b = ub, so there is an edge from uab to ub. Again s2(ub) = (ub)b(ub)~ (ub) = 


(ub)be = ub? = ue = u. Thus we get a Hamiltonian cycle u — wa — uab > ub > u in the 


induced subgraph with vertex set Cg(x) of the Cayley graph Cay(G, Z). 


Example 2 Let G = Sq and let « = (13). From the composition table we have Ce(x) = 
{(), (13), (24), (13)(24)} and @ = {(12), (13), (14), (23), (24), (34))}. We can observe that Z has 
two involutions (13) and (24) which generates Ce¢(a#) and(13)(24)=(24)(13). Then, Theorem 
2.2 implies that the induced subgraph with vertex set Cg(a) of the Cayley graph Cay(G, Z) is 
Hamiltonian and is given in Figure 2. 


Figure 2 


Theorem 2.3 Let G be a finite non-Abelian group and G act on G by conjugation. Then for 
x €G, the induced subgraph with vertex set Cg(ax) of the Cayley graph Cay(G,£) has disjoint 
Hamiltonian cycles, provided & has three elements a,b,c which do not generate Cg(a) and they 


together with identity is isomorphic to V4, the Klein-4 group. 


Proof We have {e,a,b,c} © V4, so ab = ba = c,bc = cb = a,ac = ca = b and a,b,c are 
involutions. Since Z has three elements a,b,c which do not generate Cg(x), we see that « # e. 
To prove that the induced subgraph with vertex set C¢(x) of the Cayley graph Cay(G,Z) has 
disjoint hamiltonian cycles, it is enough to show that there exist at least two closed disjoint 
hamiltonian paths in it. Let u € {e,a,b,c}. Since Z is the orbit of  € G and G act on G 
by conjugation, we can choose two elements s;, 82 € Z such that s; = (wa)a(ua)~! and sg = 
(ub)b(ub)—'. Now su = (ua)a(ua)~tu = (ua)a(a~tu-')u = (ua)(aa~*)(u-tu) = ((ua)eye = 
ua then there is an edge from u to ua. Again so(ua) = (ub)b(ub)~'ua = (ub)b(b-tu-!)ua = 
(ub)(bb~')(u~tu)a = ((ub)e)ea = uba = uc then there is an edge from wa to uc,consequently 
there exist a path from u to uc. Again s;(uc) = (ua)a(ua)~!(uc) = (ua)a(a~tu-*)(uc) = 
(ua)(aa~')(u-tu)e = ((ua)e)e = uac = ub, so there is an edge from uc to ub and hence 
there exist a path from u to ub. Again so(ub) = (ub)b(ub)~+(ub) = (ub)b(b-tu~')(ub) = 
(ub)(bb~-')(u~tu)b = ((ub)e)b = ubb = ue = u. Thus we get a hamiltonian cycle C) : u— ua > 
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uc — ub — u in the induced subgraph with vertex set Ce(x) of the Cayley graph Cay(G, 2). 
In particular, for u = a, we get a hamiltonian cycle a e ~ b— ca. 
Since a,b,c do not generate Cg(x), clearly C(x) contains at least one element u, ¢ V4. 


Now s1u, = (ua)a(ua)~tuy = (ua)a(a~tu-')uy = (ua)(aa~*)(u-tu1) = (wa)e(u~!ui) = 


(ua)(u~u). Since u € V4, we have ua = au, then (ua)(u~'u1) = (au)(u~tu1) = a(uu7")uy = 
(ae)u, = au,. Clearly au; ¢ V4. For if au, € V4, then au, = ug € V4, which implies uw, = 
aug € V4, it is a contradiction to our assumption that u4 ¢ V4. So there exist an edge from 
ui to au. Again s2(au1) = (ub)b(ub)~"(au1) = (ub)b(b~-tu~")(auz) = (ub)(bb-!)u-*(aui) = 
(ub)eu-!(au1) = (ub)u~!(au,) = (bu)u~t(auz,) = b(uu-t)(au1) = be(au,) = bau, = cur, 
as above we can show that cu; ¢ V4. Thus there exist an edge from au; to cu, and conse- 
quently a path from u, to cuz. Also sy(cu1) = (ua)a(ua)~!(cu1) = (ua)a(a~*u~*) (cu) = 
(ua)(aa~t)u-!(cu1) = (ua)eu~*(cu1) = (ua)ut(cu1) = (au)u~*(cuy) = a(uu!)(cu) = 
ae(cu;) = acu, = bu;. Here also bu; ¢ V4, so there is a path from wu; to bu;. Again 
s9(bu1) = (ub)b(ub)—+ (bur) = 

(ub)b(b~'u~+)(bui) = (ub)(bb~*)u~1 (bur) = (ub)eu7*(bui) = (ub)u+(bur) = (buju~* (bur) = 
b(uu-*)(bui) = be(bui) = (bb)uy = eu; = uy. Thus we get another hamiltonian cycle 


Cz: ur > au, > cu, — buy — uy in the induced subgraph with vertex set Co(x) of the 


Cayley graph Cay(G,Z), which is disjoint from C. 


Example 3 Let G = S4 and let x = (12)(34). From the composition table we have Ce(x) = 
{(), (12), (34), (12) (34), (13) (24), (14) (23), (1324), (1423)} and @ = {(12)(34), (13) (24), (14)(23)}. 
We can observe that % has three elements which do not generate Cg(x) and they together with 
identity is V; in S4. Then, Theorem 2.3 implies that the induced subgraph with vertex set 
Ca(a) of the Cayley graph Cay(G,Z) has disjoint hamiltonian cycles and are given in Figure 
3: 


0) (13)(24) (12) (1324) 
(12)(34) (14)(23) (34) (1423) 
Figure 3 


Theorem 2.4 Let G be a finite non-Abelian group and G act on G by conjugation. Then 
for x € G, the induced subgraph with vertex set Cg(x) of the Cayley graph Cay(G,Z) has two 
complete hamiltonian cycles, one with vertex set P, and other with vertex set P2, provided 


Ca(a) has a partition (P,, P2), where & generates P; = V4 and P2 is the generating set of P,. 


Proof Since P, = V4 and & generates P;, we have P; = {e, ui, u2,u3}. Then by Theorem 


2.3, for every u € P,, we get a hamiltonian cycle C) : u— wu4 uuz — Uug — uin the induced 
subgraph with vertex set P; of the Cayley graph Cay(G,Z). To prove that it is complete, it is 
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enough to show that every pair of vertices in P; has an edge. Let ui and ug are two arbitrary 
vertices in P;. Since % is the orbit of a € G and G act on G by conjugation, we can choose an 
element s € Z such that s = (uiu2)(uy 'u2)(urue)—?. Now su, = (uyuz)(uy 'u2)(uru2)~ buy = 
(uruz)(uy uz) (ug uy ')ur = (uru2)uz *(ugug*)(uy iva) = (urua)uy 'e = (uru2)u;* 
— (ugu1)uz — ug(uiu;-) = u2e = ug. Thus there exist an edge from u, to u2 and hence it is 
complete. 

Since P» is the generating set of P,, we have PP, = P,, P2P, = P2, P,P. = Po, P,P, = Py. 
Let us € Po. Since & is the orbit of « € G and G act on G by conjugation, we can choose two 
elements 51, 82 € Z such that s; = (wui)ui(uuz)~! and sz = (uug)ue(uuz)~! for u € Py. 

Now s,u4 = (wuy)uy(uuy)~ tug = (wur)ur(uput)us = (uur)(uruy!)u-!ug = (wur)eu!ug 
= (uuj)u-tug = (uju)u-tug = us(uu-!)ug = ujeug = uyu4. Clearly uyus ¢ Pi, since 
P,P, = P,. So there is an edge from ug to ujUu4. 


Again 


so(uyu4) = (uug)u(uuz)~*(uyu4) = (wug)u2(uz w+) (ura) 
= (uuz)(uguz!)u~*(uru4) = (wug)eu * (uu) 
= (ugu)u~*(uyua) = uo(uu!)uyua 


= uge(uit4) = (ugui)us = ugua, 


as above we can show that uzu4 ¢ P;. Thus there is an edge from u;ug4 to u3u4 and consequently 
a path from u4 to ugu4. 


Also 


s1(ugu4) = (uuz)u,(uuz)~*(ugzus) = (wuy)ur (uy 'u*)(uguas) = (wu1)(uru; Ju! (ugzua) 
= (uu)eu~*(ugus) = (wu)u~*(ugus) = (uru)u~*(ugua) 


uy(uu*)(ugua) = ue(ugus) = (uru3)u4 = Ugua. 


Here also ugu4 ¢ Pi, so there exist a path from uy to ugua. 


Again 


so(ugus) = (uug)u2(uu2)~*(ugua4) = (wuz)uz(uy 'u~+)(ugua) 


(uwuz)(uguy ')u-!(ugua) = (uug)eu~!(ugua) = (ugu)u*(ugua) 


= ue(uu')(ugu4) = uze(ugua) = (ugu2)u4 = eu = U4. 


Thus we get another hamiltonian cycle C2 : u4 > uyu4 U3UA u2u4 — U4 in the induced 


subgraph with vertex set P, of the Cayley graph Cay(G,£), which is disjoint from C). Let 


ua, Us € Po. We can choose an element s € Z such that s = (ugus')(usuz')(uaus')~t. Then 
sug = (ugus')(usuy)(uaus)! 


eus = us. Thus for any two arbitrary elements u4,us € P2 is connected by an edge, so the 


ua = U4(Us 'us)uz us(uz us) = (uge)uz use = (usuy!)us = 


induced subgraph with vertex set P, of the Cayley graph Cay(G,Z) is complete. 


Example 4 Let G = Ss and let x = (12)(34). From the composition table we have Ce(x) = 
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{(), (12), (84), (12) (34), (13) (24), (14) (23), (1824), (1423)} and & = {(12)(34), (12)(35), (12) (45), 

(14)(23), (13)(24), (13)(25), (18)(45), (14)(25), (14)(35), (15)(23), (15)(24), (15)(34), (23) (45), 
(25) (34), (24)(35)}. We can observe that Cg(x) has a partition (P;, P2) where P; = {(), (12)(34), 

(13) (24), (14)(23)}, which is Vy in Ss and P» is the generating set of P,;. Then, Theorem 2.4 

implies that the induced subgraph with vertex set Cg(x) of the Cayley graph Cay(G,Z) has 

two complete Hamiltonian cycles and are given in Figure 4. 


0 (14)(23) (12) (1423) 
(12) (34) (13) (24) (34) (1324) 
Figure 4 


Theorem 2.5 Let G be a finite non-Abelian group and G act on G by conjugation. Then 
for x € G, the induced subgraph with vertex set Cg(ax) of the Cayley graph Cay(G,&U V4) is 
complete, provided there exist an element a € Z, which generates Cg(x) and |Cg(x)| < 4. 


Proof Since a € & which generates Cg(#) with |Ce(x)| < 4, by Theorem 2.1, for u € Ce(xz) 


we get a hamiltonian path u > ua — ua? — ua? — ua* = ue = u in the induced subgraph 


with vertex set Co(x) of the Cayley graph Cay(G,Z). Then clearly the induced subgraph 
with vertex set C¢(x) of the Cayley graph Cay(G,%U V4) is hamiltonian. Since the graph is 
hamiltonian, we know that there exist. an edge from ua’ to ua’+! . To prove that this graph is 
complete, it is enough to show that there exist an edge from ua’ to ua't? for i = 0,1. We can 


choose an element s € V4 such that s = ua?u~'.Now s(ua’) = ua?u~*(ua’) = ua't?. So there 


exist an edge from ua’ to ua’*+?. Thus the graph is complete. 


Example 5 Let G = Ss and let « = (1423). From the composition table we have Cg(x) = 
{(), (12)(34), (1423), (1324)} and @ = {(1234), (1235), (1245), (1423), (1523), (2345), (1534), 
(2534), (1342), (1352), (1452), (1432), (1532), (2453), (1543), (2543), (1354), (1324), (1325), (1345), 
(1425), (1435), (1524), (2435), (1254), (1243), (1253), (2354), (1542), (1453)}. We can observe that 
either (1423) or (1324) in % generates Cg(x) with |Ce(x)| < 4. Then, Theorem 2.5 implies that 
the induced subgraph with vertex set Cg(a) of the Cayley graph Cay(G, ZU V4) is complete 


and is given in Figure 5. 


(1423) (1324) 


Figure 5 
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Theorem 2.6 Let G be a finite non-Abelian group and G act on G by conjugation. Then 
for x € G, the induced subgraph with vertex set Cg(x) of the Cayley graph Cay(G,& U V4) 
is complete, provided there exist two involutions a,b € & satisfy the conditions ab = ba and 


(ab)? = e, which generates Cg(z). 


Proof Since & contains two involutions a and b which generates C¢(#) and ab = ba, by 


Theorem 2.2 we get a hamiltonian path u ua — uab — ub — wu in the induced subgraph 
with vertex set Co(x) of the Cayley graph Cay(G,Z). Then clearly the induced subgraph 
with vertex set Cg¢(x) of the Cayley graph Cay(G,ZU V4) is hamiltonian. To prove that it 
is complete, it is enough to show that there exist edges from u to uab and ua to ub . Since 
V4 is the klein-4 group, we can choose an element s € V4 such that s = u(ab)u~'. Now 
su = u(ab)u-tu = (uab)(u~u) = uabe = uab, so there is an edge from u to uab. 

Similarly s(ua) = u(ab)u~!(wa) = uab(u~!u)a = uab(ea) = u(ab)a = u(ba)a = uba? = 
ube = ub, so there is an edge from ua to ub. Thus the induced subgraph with vertex set C¢(x) 


of the Cayley graph Cay(G, £ U V1) is complete. 


Example 6 Let G = Sy and let « = (13). By Example 2, we get a hamiltonian cycle in the 
induced subgraph with vertex set C¢(a) of the Cayley graph Cay(G, Z). If we add (13)(24) € V4 
in Z, then it makes the graph complete and is given in Figure 6. 


() (13) (24) 


(13) (24) 
Figure 6 


Theorem 2.7 Let G be a finite non-Abelian group and G act on G by conjugation. Then for 
x €G, where x is not an involution, the induced subgraph with vertex set Cg(x) of the Cayley 
graph Cay(G,£) is hamiltonian provided |Cg(a)| < 5. 


Proof Since x is not an involution, we see that « 4 e, where e is the identity. Let u € Ce(a). 
Then ux = xu for x € G. Since Z is the orbit of x € G and G act on G by conjugation, we can 


choose an element s = (ux)x(ur)~! € & such that s € ZN Cag(x). Now su = (ux)x(ur)~!u = 


(ux)2(2—-*u-1)u = (ux)za—*(u-1u) = (ux)az—te = (ux)en} 


= (ux)e = ux. Then there is an 
edge from u to ux. Again s(ux) = (ux)x(ux)—t (ux) = (ux)a(e) = (ux)a = ux”, then there is 
an edge from ux to ux? so there exist a path from u to ux?. Continuing in this way, we get a 
path from u to ux’ for i € N. Since G is finite and x € G, we have ua’ = uz/ for some i and j. 


Now (ua?)a~* = (uaz')a~* = ue = u. Thus the induced subgraph with vertex set Cg(x) of the 


Cayley graph Cay(G, Z) is hamiltonian. 


Example 7 Let G = 55 and let x = (13245). From the composition table we have Ce(x#) = 
{(), (15423), (13245), (12534), (14352)} and z = {(12345), (14532), (12435), (15423), (13245), 
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(15324), (15243), (12453), (14325), (15432), (13452), (14523), (15342), (12534), (13425), (14235), 
(13542), (15234), (14352), (13254), (12354), (14253), (12543), (13524)}. We observe that x? £ e 
with |Ce(x)| <5. Then, Theorem 2.7 implies that the induced subgraph with vertex set Cg(x) 
of the Cayley graph Cay(G,£) is hamiltonian and is given in Figure 7. 


0) 
(15423) (13245) 


(12534) (14352) 


Figure 7 


Theorem 2.8 Let G be a finite non-Abelian group and N be a non-trivial normal subgroup of 
G. Then Cay(&,Z()) is complete, provided Z(G) # e. 


Proof Let u,v € = with u A v. Then u = gih and v = gah for gi, g2 € Gandh e€ N. Since 
s € Z(S) and Z(S) #e, we have an element s = (9; 'g2)h € Z(G) such that sx = zs for every 
« € Z(%). Now su = (gy 'g2)h(gih) = (g1h)(g7 'g2)h = (9191 *)92)h = (ega)h = goh = v. So 
for any two arbitrary vertices u,v in - has an edge. Thus the Cayley graph Cay(S, Z(x)) is 


complete. 


Example 8 Let G = Sy. We observe that Cay(=, Z(#)) is complete where as Cay(¢, Z()) 
is not, since ZF) =e. 

Suppose G = D4.We have N = ((),(13)(24)) is a normal subgroup of G with Z(2+) # e. 
Then, Theorem 2.8 implies that Cay(4, Z([)) is complete and is shown in Figure 8. 


((13),(24)) (12) (34),(14)(23)) 


J 


((),13)(24)) (1234), (1432)) 


Figure 8 


References 


[1] Bermond J.C.,Hamilton decomposition of graphs, directed graphs and hypergraphs, in: 
Advances of Graph Theory, Ann.Discrete Math., 3(1978), 21- 28. 

[2] Chen C.C., Quimpo N.F., Hamilton Cycles in Cayley graphs over Hamilton groups, Re- 
search Report No.80, Lee Kong Chian Centre for Mathematical Research, National Uni- 
versity of Singapore(1983). 


A Study on Cayley Graphs of Non-Abelian Groups 87 


[3] Chen C.C., On edge-hamiltonian property of Cayley graphs, Discrete Math., 72(1988), 
29-33. 

[4] Chen C.C., Quimpo N.F., On some classes of Hamiltonian groups, Southeast Asian Bull. Math., 
Special issue (1979), 252-258. 

[5] Chen C.C., Quimpo N.F.,On strongly Hamiltonian abelion group graphs, in:K.L.McAvaney, 
ed., Combinatorial Mathematics VIII, Lecture Notes in Mathematics, Vol.884, Springer, 
Berlin, 1981, 23-34. 

6] Curran S.J., Gallian J.A., Hamiltonian cycles and paths in Cayley graphs and digraphs - 

a survey, Discrete Math., 156(1996), 1-18. 

7| Gallai T., On directed paths and circuits, in Theory of Graphs, Proc. Collog., Tihany (1966) 

115-118, Academic Press, New York, 1968. 

8] Joseph A.Gallian, Contemporary Abstract Algebra, Fourth Edition, Narosa publications. 


o] 


9| Witte, D., Gallian,J.A., A survey: hamiltonion cycles in Cayley graphs, Discrete Math., 
£51(1984), 293-304. 


International J.Math. Combin. Vol.4(2016), 88-96 


On Linear Operators Preserving 


Orthogonality of Matrices over Fuzzy Semirings 


Yizhi Chen 


(Department of Mathematics, Huizhou University, Huizhou, Guangdong, 516007, China) 
Jing Tian 
(Shcool of Economics and Finance, Xi’an International Studies University, Xi’an, 710128, China) 


E-mail: yizhichen1980@126.com, ttianjing@qq.com 


Abstract: In this paper, we investigate the linear operators preserving orthogonality of 
matrices over fuzzy semirings. We firstly characterize invertible linear operators preserving 
orthogonality of fuzzy matrices. And then, based on the obtained results, we study the 
invertible linear operators preserving orthogonality of matrices over the direct product of 


fuzzy semirings, and give some complete characterizations. 
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§1. Introduction 


Let F = [0,1] be a set of reals between 0 and 1 with addition (+), and multiplication (-) and 
the ordinary order < such that 


x+y =mar{x,y} anda: y = min{z, y} 


for all z,y € F. We call F a fuzzy semiring. For any z,y € F, we omit the dot of x- y and 
simply write ry. 
Let M,,(F) denote the set of all n x n matrices over F. Define + and - on M,,(F)as follows: 


(VA, B E M,,(F)) A+ B= (ai, + bij|nxns A-B= [> Gikdkj|nxn- 
k=1 


It is easy to verify that (M,,(F),+,-) is a semiring with the operations defined above. And 
the matrices in (M,,(F),+,-) are called fuzzy matrices. 

Let F be a fuzzy semiring and A € M,,(F). We denote the transpose of A by A’ and the 
entry of A in the ith row and jth column by aj;. 
~ 1§upported by Grants of the NNSF of China Nos.11501237, 11401246, 11426112, 61402364, the NSF of 
Guangdong Province Nos.2014A030310087, 20144030310119,2016A030310099, the Outstanding Young Teacher 
Training Program in Guangdong Universities No.YQ2015155, Scientific research innovation team Project of 


Huizhou University (hzuxl201523). 
2Received June 19, 2016, Accepted November 12, 2016. 
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For any A € M,,(F) and any A € F, we define 


AA = [Aaij|nxn- 


A mapping T: M,,(F) — M,(F) is called a linear operator if 


T(aA + bB) = aT(A) + bT(B) 


for all a,b € F and A,B € M,(F). Notice that if T is a linear operator on M,,(F), then 
T(O) =O. 

A, B in M,,(F) are said to be orthogonal (see [?]) if AB = BA =O. Let T be an operator 
on M,,(F). We say that T preserves orthogonality if T(A) and T(B) are orthogonal whenever 
A and B are orthogonal. 

During the past 100 years, one of the most active and fertile subjects in matrix theory 
is the linear preserver problem (LPP for short), which concerns the characterization of linear 
operators on matrix spaces that leave certain functions, subsets, relations, etc., invariant. The 
first paper can be traced down to Frobenius’s work in 1897. Since then, a number of works in 
the area have been published. Among these works, although the linear operators concerned are 
mostly linear operators on matrix spaces over some fields or rings, the same problem has been 
extended to matrices over various semirings. 

Many authors have studied the linear operators that preserve invariants of matrices over 
semirings. For example, idempotent preservers were investigated by Song, Kang and Beasley 
({16]), Dolzan and Oblak ([6]), Orel ({14])et al. Nilpotent preservers were discussed by Song, 
Kang and Jun ([19]), Li and Tan ([12]) et al. Regularity preservers were studied by Song, Kang, 
Jun, Beasley and Sze in [10] and [21] et al. Pshenitsyna ({15]) considered invertibility preservers. 
Besides, Beasley, Guterman, Jun and Song ([1])investigated the linear preservers of extremes of 
rank inequalities over semirings, Beasley and Lee([2])studied the linear operators that strongly 
preserve r-potent matrices over semirings, Song and Kang ((20]) discussed commuting pairs of 
matrices preservers and so on. 

The linear preserver problems about orthogonality of matrices are more and more caused 
people’s attention. In [17] and [18], Semrl studied maps on idempotents matrices that preserve 
orthogonality over a division ring. Burgos et al. ({3]) studied orthogonality preserving operators 
between C*-algebras, JB*-algebras and JB*-triples. Cui, Hou and Park ([5]) described the addi- 
tive maps preserving the indefinite orthogonality of operators acting on indefinite inner product 
spaces. Also, there are some literature on maps that approximately preserve orthogonality (see 
[4],[9] et al). 

Note that the researches about linear operators preserving orthogonality of matrices over 
semiring are not much, and fuzzy semirings are the ones which have bright background. In 
this paper our purpose is to obtain characterizations of invertible linear operators that preserve 
orthogonality matrices over fuzzy semirings. In Section 2 we characterize invertible linear 
operators preserving orthogonality of fuzzy matrices. Based on the obtained results, we study 
the invertible linear operators preserving orthogonality of matrices over the direct product of 


fuzzy semirings in Sections 3, and obtain some complete characterizations. 
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For notations and terminologies occurred but not mentioned in this paper, the readers are 
referred to [8]. 


§2. Linear Operators Preserving Orthogonality of Fuzzy Matrices 


In this section, we will study the complete characterizations of linear operators that preserve 
orthogonality of fuzzy matrices. 

Let S be a semiring. A matrix P € M,,(S) is called a permutation matrix (see [21]) if it has 
exactly one entry 1 in each row and each column and 0’s elsewhere. Observe that if P € M,,(S) 
is a permutation matrix, then PP’ = P'P =I. 

For each x € F, define 
0, ifx=0, 

1, ite 0, 


Then the mapping 


yp: FSB ,rH a 


is a homomorphism. Its entrywise extension to a mapping 


w:M,(F) — M,(B1), A A* 


preserves sums, products and multiplication by scalars. 
It is well known the only invertible matrices in M,,(B,) are permutation matrices (see [20]). 


In fact, we can also obtain the following theorem. 


Theorem 2.1 The permutation matrices are the only invertible matrices in M,,(F). 


Proof Let A € M,,(F) be an invertible matrix. Then there exists a matrix B € M,,(F) such 
that AB = BA=TI,. This implies A* B* = B* A* = I, and thus A* and B* are permutation 
matrices with B* = (A*)*. Notice that any product of two elements in F is their minimum, the 


nonzero entries in A are 1’s. Thus, A is a permutation matrix. 


Let £;,; € M,,(F) is the matrix with 1 as its (¢,7)-entry and 0 elsewhere. We call such 
Ej,; a cell (see [19]) and denote E, = {F;,;|i,7 € n}, where n = {1,2,---,n}. By virtue of 
definition, for any Fj,;, Hx. € En, we can easily have that 


Fit; if J = k, 
Fig ER = ‘ 
O, otherwise. 


From [21], a semiring S with 0 and 1 is said to be commutative if (S,-,1) is commutative; 
a semiring S is called an antiring if a+b = 0 implies a = b = 0 for any a,b € S, ie., 0 is the 
unique invertible element in (S,+,0); a semiring S is said to be entire if a 4 0,b 4 0 imply 
ab # 0 for any a,b € S. It is obvious that fuzzy semiring F is a commutative entire antiring. 


Lemma 2.2([16]) Let S be a commutative antiring and T a linear operator on M,,(S). Then 
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T is invertible if and only if there exist a permutation a on the set {(i,j)|t,7 € n} and unit 
elements bi; € S,i,j € n such that T(E; 5) = bi; Eaci,3)- 


Lemma 2.2 shows that if T is a linear operator on M,,(S) in which S is a commutative 


antiring, then T permutes E,, with unit scalar multiplication. 


Theorem 2.3 Let F be a fuzzy semiring. If T is a linear operator on M,(F) with n = 1, then 


T preserves orthogonality of fuzzy matrices. 


Proof Let F be a fuzzy semiring and T a linear operator on M,,(F) with n = 1. Suppose 
that A,B € M,(F) such that A and B are orthogonal. Then, we must have that A = O 
or B = O. It follows from the linearity of T that T(O) = O. Furthermore, T(A)T(B) = 
T(B)T(A) =O. Hence, T(A) and T(B) are orthogonal. So T preserves orthogonality of fuzzy 
matrices. 


Theorem 2.4 Let F be a fuzzy semiring and T : M,(F) — M,,(F) a linear operator with 
n> 2. Then T is an invertible linear operator that preserves orthogonality of fuzzy matrices if 
and only if there exists a permutation matrix P € M,,(Bi) such that either T(X) = PX P* for 
all X € M,(F), or T(X) = PX'P' for all X € M,(F). 


Proof (==>) Let T be an invertible linear operator on M,,(F) which preserves orthogonality 
of fuzzy matrices. Note that fuzzy semiring F is a commutative entire antiring, by the virtue of 
Lemma 2.2, there exists a permutation a on the set {(é, j)|i,7 € mn} such that T(Ej,3) = Ea(i,7)- 
For any i  j, denote T(£j,;) = Ep,q. If p = q then it follows from £;,;E;,; = O that 


(EE Ay = (Epp)? = p,p — 0” 


it is a contradiction. Thus, p 4 gq. Note that a@ is a permutation, then there is a permutation 
o of {1,2,--- ,n} such that T(Ei3) = Eoc),o() for each i = 1,2,--- ,n. 
Define an operator Z on M,,(F) by 


L(X) = P'T(X)P 


for all X € M,,(F), where P is a permutation matrix corresponding to o such that L(£;,;) = 
E4(i),0(4) for each 7 = 1,2,-+- ,n. 


It is easy to see that L is an invertible linear operator on M,,(F) that preserves orthogonality 


~ 


of matrices. By Lemma 2.2, L permutes E,,. Therefor, for any cell E,., in E,, there exists 


exactly one cell Ep, in E, such that L(E,,;) = Ep. 


Suppose that r 4 s. Since L is injective, we have p # q because L(Fiis) = Eo(i),o(«) for 
each 7 = 1,2,---,n. Assume that p#r and p¥ s. Since E,,.Ep» = Ep pEr,s = O, we have 


L( Epp) L(Er,s) = Ep pEp,q = Ep,q =O, 


it is a contradiction. Hence, p =r or p= s. Similarly, g =r or g=s. Therefore, for each E;,. 
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L(Ey,s) = Eps, or L(Ep,s) = Es.r- 


Suppose that L(E,.,) = E,,, for some E,, € E, with r £ s and L(E,4) = E;,,, for some 
tenwitht¥r,s. It follows form E,.E,4 = E,1E,,, = O that 


L(E,.4)L(Ey,s) = Ey pEr,s = Ets = O~7 


it is a contradiction. It follows that if L(£;,;) = E;,; for some E;,; € E, with i ~ j, then we 
have L(F,.,) = E,,s for all E,,, € En. 

Consequently, we have established that L(X) = X or L(X) = X* for all X € M,,(F). 

If L(X) = X for all X € M,,(F). By the definition of L, we have 


PTX) P= X, 


or equivalently 
T(X) = PXP* 
for all X € M,,(F). 
Similarly, if L(X) = X* for all X € M,,(F), we can get 


T(X) = PX'Pt. 


(<=) Suppose that T(X) = PX P' for all X € M,,(F). It’s a routine matter to verify that 
T is invertible. For any X,Y € M,,(F), if X and Y are orthogonal, then XY = YX = O. It 
follows that 


That is to say, T(X) and T(Y) are orthogonal. Thus, T preserves orthogonality of fuzzy 
matrices. 
Similarly, if T(X) = PX'P' for all X € M,,(F), then T is also an invertible linear operator 


preserving orthogonality of fuzzy matrices. 


Example 2.5 Let 


(a = ee =) 


0 
0 
0 
1 


oe 
oO Oo OF 


ba a matrix in M,(F). Define an operator T on M,4(F) by 
T(X) = Pxtpt 


for all X € M,(F). By Theorem 2.4, T is an invertible linear operator preserving orthogonality 


of fuzzy matrices. 
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§3. Linear Operators Preserving Orthogonality of Matrices Over the Direct 
Product of Fuzzy Semirings 


In this section we will study the invertible linear operators that preserve orthogonality of ma- 
trices over the direct product of fuzzy semirings. 

Hereafter, let S = [],¢,S,, where S, = F is a fuzzy semiring for any A € A. For any \ € A 
and any s € S, we denote s(\) by sy. Define 


(a+b) = ay + by, (ab), = ayby (a,beE S,AE A). 


It is easy to verify that (S,+,-) is a semiring with 0 and 1 under the operations defined above. 
For any A = [a;;] © M,(S) and any » € A, Ay := [(aiz)] € Mn (Sy). It is obvious that 


(A + B)y =A)+B), (AB) = A) By and (sA)) = s8)A) 
for all A, B € M,,(S) and alls €S. 
By the above definition, it is not hard to obtain the following result. 
Lemma 3.1 Let A,B € M,,(S). Then the following statements hold: 
(i) A=B if and only if Ay = By for any X€ A; 
(ii) A and B are orthogonal if and only if Ay and By are orthogonal for any » € A. 


The following lemma is due to Orel [14]. 


Lemma 3.2 Jf T : M,,(S) — M,(S) is a linear operator, then for any A € A, there exists a 
unique linear operator T, : M,(S)) > M,,(S)) such that (T(A)), = T)(Ay) for any A € M,,(S). 


Theorem 3.3 Let S = [],¢-,S,, where S\ = F is a fuzzy semiring for anyX € A. If T is a 


linear operator on M,(S) with n = 1, then T preserves orthogonality of matrices. 


Proof Assume that A,B € M,,(S), and A and B are orthogonal. By Lemma 3.1 (ii), 
we have A) and By are orthogonal for any \ € A. It follows from Theorem 2.3 that (T(A))) 
and (T(B)), are orthogonal. Again by Lemma 3.1 (ii), we obtain that T(A) and T(B) are 
orthogonal. Hence T’ preserves orthogonality of matrices. 


Proposition 3.4 Let T be a linear operator on M,(S). Then T is invertible if and only if Ty 
is invertible for any AX € A. 


Proof (=) Let T be a linear operator on M,,(S). Suppose that T is invertible. For 
any A € A and A,B € M,,(S)), there exist X,Y € M,,(S) such that X, = A,Y, = B, and 
X, = Y, =O for any uw AX. If T)(A) = 7, (B) then 


(T(X)), = T)(A) = 7T)(B) = (T(Y))a. 


Also, 
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for any wp # A. This shows that T(X) = T(Y). Since T is injective, we have X = Y. Further, 


Thus 7) is injective. 
On the other hand, since T is surjective, there exists Q € M,,(S) such that T(Q) = Y. We 
can deduce that 
B=Y¥) =T(Q)a = Tr(Q)). 


That is to say, T) is surjective. Hence T) is invertible. 
(<=) Assume that T) is invertible for any 4 € A. For any A, B € M,,(S), if T(A) = T(B) 
then 
T)(Ay) = (F(A))a = (F(B))a = Ty(Bd).- 


Since T) is injective, we have A, = B). By Lemma 3.1 (7) it follows that A = B. So T is 
injective. Since T) is surjective, there exists X) such that T)(X)) = By. Take A € M,,(S) with 
Ay = X) for any 4 € A. It is clear that T(A) = B, and so T is surjective. Thus T is invertible. 


Proposition 3.5 Let T be a linear operator on M,,(S). Then T preserves orthogonality of 


matrices if and only if Ty preserves orthogonality of fuzzy matrices for any  € A. 


Proof (==>) For any \ € A and any A, B € M,,(F), there exist X,Y € M,,(S) such that 
X), = A,Y, = Band X, = Y, = O for any wp ¥ X. If A and B are orthogonal, then XY = 
YX =O. Since T preserves orthogonality of matrices, we have T(X)T(Y) = T(Y)T(X) =O. 
Further, 
T)(A)Ta(B) = (T(X))(TY))a = (L(X)T(Y))a = O. 


Similarly, 7,(B)T)(A) = O. This shows that T,(A) and T)(B) are orthogonal. So T) preserves 
orthogonality of fuzzy matrices as required. 

(<=) For any X,Y € M,,(S), if X and Y are orthogonal, then X) and Y) are orthogonal 
for any \ € A by Lemma 3.1 (i). Since T) preserves orthogonality of fuzzy matrices, we have 


(TX) (PY ))a = TA(X))TA(Va) = O.- 


Similarly, (T(Y)),(T(X)), = O. So T(X), and T(Y)) are orthogonal. Again by Lemma 3.1 
(iz), we can show that T(X) and T(Y) are orthogonal. Therefore, T preserves orthogonality of 


matrices. 


In the following, we will give the main theorem of this section. 


Theorem 3.6 Let S = [[,<,S,, where S, = F is a fuzzy semiring for any X € A. Let 
T : M,(S) — M,(S be a linear operator with n > 2. Then T is an invertible linear operator 
preserving orthogonality of matrices if and only if there exist P € M,,(S) and 81,82 € S such 
that 

T(X) = P(s,X + 82.X")P* 
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for all X € M,,(S), where (81), (52), € {0,1}, (51), 4 (s2), and Py, € M,,(F) is a permutation 
matrix for any X€ A. 


Proof (==>) It follows from Propositions 3.4 and 3.5 that T) is an invertible linear operator 
preserving orthogonality of matrices. For any X € M,(S), X, € M,(F). By virtue of Theorem 
2.4, there exists permutation matrix P, € M,,(F) such that either 


Ty(Xy) = Py XPt (1) 


for all XY, € M,,(Sy), or 
Ty(Xy) = PyX3Px (2) 


for all X, € M,,(S)). Let Ay := {A € A|T) is the form of (1)} and Ag := {A € AT) is the form 
of (2)}. It is clear that Ai (\A2 = @,A1UA2 = A. For i = 1,2, let s; € S, where (s;), = 1 if 
A € A; and 0 otherwise. Thus, for any X € M,,(S), there exist P € M,,(S) and s1,s2 € S such 
that 
T= Pig X pak P 

where (s1),, (S52), € {0,1}, (si), A (s2), and P, € M,(F) is a permutation matrix for any 
AEN. 

(<=) For any \ € A and any A € M,,(Sy), there exists X € M,,(S) such that A = X). We 
have 

T)(A) = Ty(X)) = (T(X))y = (P(s1X + 82X")P*)y. 

If (81), = 1, (s2), = 0, then T)(A) = P)\ AP} for any A € M,,(S)). Otherwise, T,(A) = P,A’Pi 
for any A € M,,(S)). It follows from Theorem 2.4 that T) is an invertible linear operator 


preserving orthogonality. Hence T is an invertible linear operator preserving orthogonality of 


matrices by Propositions 3.4 and 3.5. 


Thus we have obtained complete characterizations of invertible linear operators preserving 
orthogonality of matrices over the direct product of fuzzy semirings by Theorems 3.3 and 3.6. 


Example 3.7 Let S=F x F x F. Take 


(0,1,1) (1,0,0) (0,0,0) 
P= |(1,0,0) (0,1,0) (0,0,1)] € Ms(S) 
(0,0,0) (0,0,1) (1,1,0) 


and s; = (0,1,0),s2 = (1,0,1) in S. Define an operator on M3(S) by 
T(X) = P(s,X + 82X*)P* 


for all X € M3(S). 
It is obvious that P\(A = 1, 2,3) are all permutation matrices. Thus, by Theorem 3.6, T 


is an invertible linear operator that preserves orthogonality of matrices over S. 
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§1. Introduction 


Let G = (V,E) be a connected simple graph. The distance between two vertices u and v in 
G, denoted by d,(u,v) is the length of a shortest path between u and v in G. The degree of 
a vertex u in G, denoted by d,(u) is the number of vertices that are adjacent to u in G. The 
Wiener index W(G) of a graph G is a distance based graph invariant introduced by H. Wiener 
[18] in order to determine the boiling point of paraffin. It is defined as the sum of distance 
between all pairs of vertices in G. i.e., W(G) = or 
DD(G) and Gutman index Gut(G) of a graph are weighted versions of Wiener index, which 


d,(u,v). The degree distance index 


are defined as follows: 


DDG) = So (de(u) + da(v))da(u,v) 
{u,v}CV(G) 


and 


Gut(G) = >. da(u) da(v) da(u, v). 
{u,v}CV(G) 


The degree distance index which is a degree distance based graph invariant, was introduced 
independently by A. A. Dobrynin, A. A. Kochetova [6] and I. Gutman [10]. The Gutman 
index, earlier known as Schultz index of the second kind was introduced in 1994 by Gutman 
[10]. It may be noted that if G is a tree on n vertices, then the Wiener index, degree distance 
index and Gutman index are closely related by the identities DD(G) = 4W(G) — n(n —1) and 
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Gut(G) = 4W(G) — (2n—1)(n— 1). More details about Wiener index and its variants can be 
found in [2, 3, 4, 5, 6, 7, 12, 14, 17] and the references cited therein. 


The corona [9] of two graphs G and G2 is the graph obtained by taking one copy of Gj, 
|V(G1)| copies of Gy and joining each i-th vertex of G to every vertex in the i-th copy of 
Gg. The neighborhood corona [13] of two graphs G; and G2 denoted by G * Ga, is a variant 
of corona of two graphs and is defined as the graph obtained by taking one copy of G; and 
|V(G1)| copies of Gg, and joining every neighbour of the i-th vertex of G; to every vertex in 
the i-th copy of Gz. Recently, various graph invariants of corona product of two graphs have 
been studied, for example, see [1, 15, 19]. 


Example 1.1 The neighborhood corona P3 * P3. 


In this paper, we compute Wiener index, degree distance index and Gutman index of 
Gy *k Go. 


§2. Main Results 


Let G, be a graph with vertex set V(G1) = {v1, v2,--- ,Un,}, edge E(G1) = {e1, e2,--- ,em,} 
and let Gz be a graph with vertex set V(G2) = {u1,U2,-+- ,Un,} and edge set E(G2) = 
{e1,€2,°°* 5 em, }- We denote the vertex set of the i-th copy of Gz by Vi(G2) = {ua, Wi2,++* , Uing}- 


To prove our main results we need the following definitions and two lemmas whose proofs 
follows directly by the definition of neighborhood corona. 
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Definition 2.1 For a graph G, we define 


E,(G) := {e € E(G) : e is contained in a triangle of G}, 


Ti(G):= SY > d(u)+d(v) andT(G):= S> dujdv). 


uv€ La(G) uve Ea(G) 


Clearly, if G has a vertex v of degree of |V(G)| — 1 and G — v is connected graph with at 
least two vertices, then Ea(G) = E(G), Ti(G) = Mi(G) and T2(G) = M2(G). 


Lemma 2.2 Let G=G,%* G2. Then 
(ne + 1)dg, (x), fre V(G1), 


dg(z) = 
d,,(z) +da,(vi), ifx € Vi(G2). 


Lemma 2.3 If G= G, * G2, then 
(1) da (vi, v;) = dg, (vi, vj); Vv Vix UGE V(G1); 
1. if Uj Uk E E(G3), 
(2) dg (ui, Ux) = ; 
2, if UjUk ¢ E(G3). 


3, if vjun € E(G1) and vjv~p € Ex(G4), 
(3) fori#k, dg (ui, Ukm) = 2; if UivE € E,(G4), F 
de, (vi, Uk), if UjUk ¢ E(G)). 


da, (uj, Uk), of Ui F Uk; 
(4) d,(uij, Uk) = 


2, if Ui; = Uk. 
Theorem 2.4 The Wiener index of G = G, * G2 is given by 


W(G) = (no + 1)?W(Gi) + n1(n2(n2 = 1) = m2) + n3(2m1 = |Ea(G1)|) + 2n1N2. 


Proof We know that 


WG@= So dala, y)=Ait+ 42+ As + Aa, (2.1) 
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where 


A= Sd) dg(vi, vj), 


{uj ,vj}oV(G1) 


Az = Pe oF dg (u,;, Usn)s 


vg EV(G1) {uz5 uj, }OVi (G2) 


a oa dq, (u,, Um) 


fepvj}oV(G1) u,, €V;(G2) 
Wim V5 (G2) 


and Ag = S- > dg (tis UE): 


v,EV(G1) u,j €Vi (G2) 
vpEV (G1) 


A3 


By Lemma 2.3, we have 


= 
I 


{vj, vj }OV(G1) {vj,vj }oV(G1) 


Az = > .¥ dg (u, 5, Ux) 


vi V(G1) (ug 5 4; }EVi(G2) 


=), De ee pe Ft 


vjEV(G1) {uj 5 tip} GVi (G2) u,;u, €E(G2) 


= S© (na(nz- 1) — mg) = ni(ne(nz — 1) — ma), 


v,€V(G1) 


A3 = oe \ da (wik, Ujm) 


{vi, vj }OV(G1) ujzpevi(Ge) 
ujm EV; (G2) 


=e > dg, (ui, v3) + > 2—- x 


{ui, vj }CV(G1) v;4v;€E(G1) viv; €EA(G1) 


= n3(W(G1) + 2m1 — |Ea(G1))) 


and 


A= > S> de(vr, uj)+ S52 


viEV(Gi) wij €Vi(G2) uiz€Vi(Ga) 
vpEV(G1) 
UR FY; 


=ng + S- de, (U;, Up) + 2nyN2 


viEV(G1) vpEV(G1) 
2ngW (G1) + 2niN2. 


l| 


SS dg y= SY) dg, (vs, 17) =W(Gr), 
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Applying (2.2), (2.3), (2.4) and (2.5) in (2.1), we obtain the desired result. 


Corollary 2.5 If G is a triangle free graph, then the Wiener index of G = G1, * G2 is given by 
W(G) = (ng + 1)P°W(G1) + n1(n2(n2 = 1) = m2) + Qn3zm1 + 2n1N2. 

Corollary 2.6 If Gi = Hi V H2 (join of two connected graphs Hy, and Hz with |V(H,)| > 2), 

then the Wiener index of G = G1 * G2 is given by 


W(G) = (no + 1)?W(G4) + ni(n2(nz — 1) — m2) + n3my + 2niN2. 


Lemma 2.7(({4]) Let P,, and C,, denote the path and cycle on n vertices, respectively. Then 


n(n? — 1) 


W (Pr) = 6 


and 


n?/8, if n is even, 
n(n? —1)/8, if n is odd. 


Applying the above lemma in Theorem 2.4, we obtain the following corollary. 


Corollary 2.8 (1) W(Pr * Pm) = =((m + 1)?n3 + (17m? — 2m + 5)n) — 2m?; 
(2) W(Can * Cm) = ((m + 1)?n? + 6m?)n; 
3) For n 41, W(Con41 * Cm) = (2n + 1)(m?n? + m2n + 2mn? + 6m? + 2mn 4+ n? + n)/2; 
4) Forn £1, W(Coan41* Pm) = (2n+1)(m?n? +m?n+2mn?+6m? +2mn+n?+n4+ 2)/2; 
) 
) 


( 
( 
(5) W(Con * Pm) = m?n3 + 2mn3 + 6m?2n + n3 + 2n; 

1 
(6) W(Ph * Cm) = gm + 1)?n® + (Lm? — 2m — 1)n) — 2m?. 


The first and second Zagreb indices of a graph denoted by M1(G) and M2(G), respectively, 
are degree based topological indices introduced by Gutman and N. Trinajsti¢ ({11]). These two 
indices are defined as 


M,(G) = S> da(vr) + dal(vm) = S> de (vi) 


€;=V1Um € E(G) viEG 


and 


M2(G) = > da(u)da (vm). 


ey =U1UmE E(G) 
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Now, we derive a formula for DD(G * G2) in terms of degree distance of G;, Wiener index 
of G, and first Zagreb index of G; and G2. 


Theorem 2.9 The degree distance index of G = G1 * G2 is given by 


DD(G) = (2n2 + 3n2g +1)DD(G) + 4mo(n2 + 1)W (G1) + n2(2M1 (G1) — T(G1)) 
— nM (G2) + (8n3 + (8m2 + 4)n2 — 4m2)my + 4mgn2(n1 — |Ea(G1))). 


Proof We know that 


DDG@= YS) (de(z)+dg(y)) dg (x,y) = Ai + Ao + As + Aa, (2.6) 
{x,y}CV(G) 
where 
A, = y (dg (vi) + dg (vj)) dg (vi, v5); 
{vi, vg }CV(G1) 
A= > > [d, (wiz) + dg (wik)] dg (wiz, wir), 
viEV(G1) {uiz,uin}CVi(Ge) 
A= > Salts) +4 (jm) de (tees tym) 
{vi,vj}CV(G1) up €Vi (G2) 
Ujm EV; (G2) 
and Ag = ev(Gy) Livi (G2) de (Wiz) + de (VE) de (uaz, Vee). 


vrEV(G1) 
Applying Lemmas 2.2 and 2.3, we compute A;, Ag, A3 and Ay, as follows: 


Aj = S- (dg (vi) =k d., (v;)) d. (vi, vj) 
{vi, vj }oV (G1) 
= (n2 a 1) > (dg, (vi) + dg, (v;)) dg, (vi, vj) 
{vi, vj }oV (G1) 
= (nz + 1)DD(G1). (2.7) 


Ay= 2 > [de (wiz) + dg (uir)] dg (uiz, Ur) 


viEV (G1) {wiz in} CVi (Ge) 


= YD 92 YS Pag, (v1) + da, (us) + do, (ux)] 


viEV (G1) {uij wir} CVi (G2) 


2 [2d, (vi) a da, (uj) + d., (ux)] 
uj up € E(G2) 


= S> {2(n2(n2-1)dg, (vi) + 2(n2 — 1)mg) — 2med, (vi) — Mi (Ga)} 
viEV(G1) 
= A(na(ne = 1) = m2)m41 + 4nimo2(ne = 1) = n1M,(G2). (2.8) 
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Az = ¥. Yo [de (wiz) + dg (Ujm)] dg (Uik, Ujm) 
{vj, vj} CV(G1) UinE Vi (G2) 
Ujm EV; (G2) 
= > dg (vi, 4) Sd) (dg, (vi) + dg, (vj) + dg, (wiz) + dg, (ujm)] 
{v3 ,vj } CV (G1) Usp EV; (G2) 


ujm €Vj (Ga) 


+2 ~ > Ide, (vi) + dg, (vj) + dg, (wir) + de, (ujm)] 
vivjEE(G1) uz,EVi (Go) 
ujm€Vj (G2) 

= S- > de, (vi) + de, (vj) + dg, (wir) + de, (ujm)] 


v4vj CLA(G1) uzgpEVi (G2) 
Ujm EV; (G2) 


= So dg, (vi, vj) n3(dg, (v1) + dg, (vj)) + 4name] 
{v;,vj} CV (G1) 


+2 YS) [nd(de, (vi) + de, (v7) + dram] 
u,v; EE (G1) 


— SO [ra(dg, (vi) + dg, (vs)) + Aname] 
403 CEA (G1) 


—— n3DD(G1) + 4n2m2W (G1) + n3(2Mi (G1) = Ti(G1)) + 4ngme2(2m1 = |Ea(G1))). (2.9) 


As= So SS [dg (tis) + dg (ve dg (uaz, ve) 
vi EV (G1) u55 EV; (G2) 
vREV(G1) 


5 S5 [da(uij) + da(vn)dg (wiz, ve) +25 (dq (wiz) + dg (vi)) 
viEV(G1) | wij €Vi (G2) wiz EVi (G2) 
vpeV (C4) 
ViFVR 


= > ye (nadg, (vi) + n2(ng + dg, (ur) + 2m2)dq, (vi, Ue) + 2[2me2 + n2o(n2 + 2)da oa] 
vi, EV(G1) vpEV(G1) 


= (n+ 2nz)DD(G1) + 4m2W(G1) + 4nime 4 4mi(n2 t 2)n2. (2.10) 


Applying (2.7), (2.8), (2.9) and (2.10) in (2.6), we obtain the desired result. 


Corollary 2.10 Jf G, is a triangle free graph, then the degree distance index of G = G, * G2 


is given by 


DD(G) = (2n3 + 8nzg + 1)DD(G1) + 4me(n2 + 1)W (Gi) + 2n3Mi (G1) 
= n1M1(G2) + (8n3 + (8mm + 4)ng = 4m,)m41 + Amoneny. 


Corollary 2.11 If G, = Hi V He (join of two connected graphs H, and Hz with |\V(H,)| > 2), 
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then the degree distance index of G = G1 * G2 is given by 


DD(G) = (2n3 + 8nz + 1)DD(G1) + 4mo(n2 + 1)W(G1) +n3.Mi(G1) 


—7Mi(G2) t (2n3 t (mg t 1)ne m)4my, + 4mgn2n4. 


Lemma 2.12((7,16]) Let P,, and C,, denote the path and cycle on n vertices, respectively. Then 


n(n — 1)(2n — 1) 


DD(P,) = : 


and 


n /2, if n is even, 
DD(C,) = 
n(n? —1)/2, ifn is odd. 


Using Lemmas 2.7, 2.12 and also the facts that Mi(P,) = 4n —6 (n > 2), Mo(P,) = 
4n — 8 (n > 3), Mi(Cn) = Mo2(C),) = 4n in Theorem 2.9, we obtain the following corollary. 


Corollary 2.13 (1) DD(P, * Pm) = (2n® — 2n? + 28n — 28)m? + (2n3 — 3n? — 15n + 8)m — 
n?+11n—4; 


(2) DD(Can * Cm) = 4n(3m?n? + 4mn? + 14m? + n? — 2m); 


(3) forn £1, DD(Cons1 * Cm) = 2(2n + 1)(8m?2n? + 3m?n + 4mn? + 14m? + 4mn + n? — 
2m+n); 


4) forn £1, DD(Cansi* Pm) = 2(2n+1)(38m?n? +3m?n+3mn?+ 14m? +3mn—8m-+5); 
+ 


(5) DD(Con * Pm) = 4n(3m?n? + 38mn? + 14m? — 8m +5); 


1 
(6) DD(Pr*Cm) = 3 (6m? +8m-+ 2)n3 — (6m? + 9m +3)n? + (84m? — 11m+4+1)n) — 28m?. 


Now, we derive a formula for Gut(G, * G2) in terms of degree distance of G;, Gutman 
index of G,, Wiener index of G; and Zagreb indices of G; and Go. 


Theorem 2.14 The Gutman index of G = G1 * G2 is given by 


Gut(G) = (2n2 + 1)?Gut(G1) + 2m2(2nz + 1)\DD(G1) + 4m3W (G1) — (nt + 2m1)Mi (Go) 
— n1Mo(G2) + (n2(3n2 + 4mo + 1) — m2)Mi1(G1) + n3(2M2(G1) — T2(G1)) 
= 2ngm2T\ (G1) = 4m3|Ea(G1)| + 8m M2[2n2 + mg] + Anim3. 


Proof Notice that 


Gut(G) = S- (dg (x) dg(y)) dg (x, y) = Ai + Ao + A3 4+ Aa, (2.11) 
{x,y}CV(G) 
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where 
A, = Pe d(vi) dg(vj)) dg (vi, vy); 
{vi,vj }CV (G1) 
A= > oy» dg (uiz) dg (ik) dg (viz, Wik), 
viEV (G1) {uiz Wik }CVi (G2) 
4= Dd S > dg (Wik) dg (ujm) dg (wik, Ujm) 
{vi,vj} CV (G1) win €Vi(G2) 
Ujm €Vj (Ga) 
and Aa = Vev(G1) Fe evijeVs(G2) Ue (Maj) dg (Ue) de (uig, Ub)- 
vrEV(G1) 


Applying Lemmas 2.2 and 2.3, A;(¢ = 1,2,3,4) can be computed as follows: 


Ai = > dg (vi) dg (vj) dg (vi, v5) 
{uj, vj }CV(G1) 
=(nat1)? YD [de, (vs) de, (vs)] dg, (vss 04) = (ra + 1)’Gut(Gr), (2.12) 


{vi, vj }CV(G1) 


Az = a = d,(uiz) dg (wiz) dg (wij, Wir) 


viEV(G1) {uij, Vir} CVi (Ge) 


x 42 > dg (wiz) dg(uin)- > dg (uaz) dg (wir) 


vjEV(G1) {uij, Win} CVi (Ga) UjupEE (G2) 


x 42 .> [dg, (wij) dg, (wiz) + dg, (vi) (dg, (wis) + dg, (uik)) + dG (vi)] 
vi,EV (G1) {ujj, Win} CV; (Ga) 


— SF dey (Wis) deny (Wik) + de, (Vi) [dg, (wiz) + de, (win)] + dG (v1)) 


ujupeE(G2) 


> {4m — Mi (G2) +4(n2 — Lmadg, (vi) + n2(n2 — 1)a2, (vi) 
viEV(G1) 


—M2(G2) — dg (vi) Mi (G2) — mad?, (vi)} 
=n (4m3 — M2(G2)) — (ni + 2m1)Mi(G2) + 8mima(n2 — 1) + (n2(n2 — 1) — m2)Mi (G1), 


A3 = y y dg (uit) dg(Ujm) dg(Uik, Um) 
{ui, vg} OV(G1) ujpEVi (G2) 
Ujm EV; (G2) 


= 3 Yo dg (wie) dg (ujm) dg, (vi, v4) 
{vi, vj }CV(G1) uz, €Vi (Ga) 
Ujm EV; (G2) 


+2 S> dg (tix) dg(ujm)-— SS > den) daGue) 


v4.05; €CE(G1) Upp EV; (Ga) v40j CLE A(G1) up €Vi (G2) 
ujm€V;(G2) ujm €Vj (G2) 
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= YD dais mm) SD [de (8) +g, (un)] (a, (01) + do, (um)] 
{vj ,vj} CV (G1) up EVi (G2) 
Ujm EV; (G2) 


+2 5 ) Ide, (vi) + dg, (ux)] [de, (07) + dey (Um)] 
viv; €CE(G1) upp €Vi (G2) 
ujm €Vj(Ga) 


=> Yo Mde, (vi) + dg, (ua)] (de, (3) + de, (um)] 
v4vj CEA (G1) Usp EV; (Ga) 
ujm €Vj (Ga) 


= YO 4g, (vi, ve) (nda, (vide, (vi) + 2nama(dg, (vi) + da, (vs) + 4m3} 
{v;,vj} CV (G1) 
io. SS {nida, (vi)dg, (vj) + 2naeme (dg, (vi) + dg, (v;)) + 4m3} 
v4.07; €CE(G1) 
— SP { nde, (vi)de, (v5) + 2nama (de, (vi) + de, (vj) + 4m3} 
vjvj CEA (G1) 
= n3Gut(G1) + 2ngm2DD(Gi) + 4m3W (G1) + n3(2M2(G1) — T2(G1)) 
+ 2neme(2Mi(G1) — T1(G1)) + 4m3(2m1 — |Ea(G1))). (2.14) 


A= > Yo dg (uss) dg (oe) dg, (Wi, Ve) +2 J) dg (wiz) dg (vi) 
viEV(G1) uyzj EVi (Ga) uig EVi (Ga) 
vREV (G1) 
ViFVE 


uiEV(G1) vREV(G1) 


=(m+1) >> | Yo dg, (Wis Ue) de, (Ue) (2m2 + na dg, (vi)) 


+2 (nad, (vi) + 2m2 dg, (vi))} 


4 2(n2 + 1)(m2DD(G1) + n2Gut(G1) +neM, (G1) + 4mimz2). (2.15) 


Using (2.12), (2.13), (2.14) and (2.15) in (2.11), we obtain the required result. 


Corollary 2.15 If G, is a triangle free graph, then the Gutman index of G = G1 * G2 is given 
by 


Gut(G) = (2n2g + 1)?Gut(G1) + 2me(2n2 + 1)DD(G1) + 4m2W(G)) 
= (n1 + 2m1)Mi1(G2) = n1Mo(G2) Tr (n2(3n2 + 4m + 1) = m2)Mi(G1) 
+ 2n3M2(G1) + 8m1M2[2n2 + my] =r Anym3. 


Corollary 2.16 If G, = HV H2 (join of two connected graphs Hy and Hz with |V(H,)| > 2), 
then the Gutman index of G = Gy * G2 is given by 
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Gut(G) = (2n2 + 1)?Gut(G1) + 2m2(2nz + 1)DD(G1) + 4m3W (G1) 
= (n1 + 2m) Mi (G2) ~~ n1Mo(G2) + (n2(3n2 + 2m + 1) = m2)Mi(G1) 
+ n3M2(G1) + 4m m2[4n2 + mg] + 4nim3. 


Lemma 2.17((8]) Let P, and C,, denote the path and the cycle on n vertices, respectively. 
Then 


Gut(P,) = (n — 1)(2n? — 4n + 3)/3 
and 


n3/2, if n is even, 
Gut(C,) = 
n(n? — 1)/2, if n is odd. 


Applying Lemmas 2.7, 2.12 and 2.17 in Theorem 2.14, we obtain the following corollary. 


Corollary 2.18 (1) For n,m > 3, Gut(Pr * Pm) = (6n3 — 12n? + 74n — 86)m? — (6n? + 62n 
60)m + 43n — 27; 

(2) Gut(Con * Cm) = 4n(9m?n? + 6mn? + 32m? + n? — 8m); 

(3) Forn £1, Gut(Can41* Cm) = 2(2n + 1)(9m?2n? + 9m?2n + 6mn? + 32m? + 6mn +n? — 
8m +n); 

(4) Forn 41, Gut(Con41 * Pm) = 2(2n + 1)(9m?2n? + 9m?n + 32m? — 36m 4 21); 

(5) Gut(Con * Pm) = 4n(9m?n2 + 32m? — 36m +4 21); 

(6) Gut(P, * Cm) = 6(m + 1/3)?n3 — 5 ((36m? + 30m + 6)n? + (222m? — 18m + 7)n) — 
86m? + 4m — 1. 
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§1. Introduction 


A simple graph is a pair G = (V,E), where V = V(G) and E = E(G) are the sets of vertices 
and edges of G, respectively. A path is a walk that does not include any vertex twice, except 
that its first vertex might be the same as its last. A path with length n denotes by P,. Ina 
graph G, the distance between two distinct vertices x and y, denoted by d(x, y), is the length 
of the shortest path connecting x and y, if such a path exists: otherwise, we set d(x, y) = co. 
The diameter of a graph G is diam(G) = sup{d(x,y) : xand y are distinct vertices of G}. A 
walk is an alternating sequence of vertices and connecting edges. Also, a cycle is a path that 
begins and ends on the same vertex. A cycle with length n denotes by C,. A graph G is said 
to be connected if there exists a path between any two distinct vertices, and it is complete if it 
is connected with diameter one. We use K,, to denote the complete graph with n vertices. For 
a positive integer r, a complete r-partite graph is one in which each vertex is joined to every 
vertex that is not in the some subset. The complete bipartite graph with part sizes m and n 
is denoted by Ky». The graph Ky,,—1 is called a star graph in which the vertex with degree 
n — 1 is called the center of the graph. For any graph G’, we denote 


N(x] = {y € V(G): (a,y) is an edge of G}U {x}. 


Recall that the projective dimension of an R-module M, denoted by pd(M), is the length 
of the minimal free resolution of M, that is, 


lReceived February 19, 2016, Accepted November 16, 2016. 


110 A. Alilo, J. Amjadi, N. Vaez Moosavi and S. Mohammadikhah 


pd(M) = max{i | @;,;(17) 4 0 for some 7}. 


There is a strong connection between the topology of the simplicial complex A and the 
structure of the free resolution of K[A]. Let 4;,;(A) denotes the N-graded Betti numbers of 
the Stanley-Reisner ring K[A]. To any finite simple graph G with the vertex set V(G) = 
{x1,--+ ,%} and the edge set E(G), one can attach an ideal in the Polynomial rings R = 
K[x1,--- ,£p] over the field K, whose generators are square-free quadratic monomials x;y; such 
that (;,y,;) is an edge of G. This ideal is called the edge ideal of G and will be denoted by 
I(G). Also the edge ring of G, denoted by K(G) is defined to be the quotient ring K(G) = 
R/I(G). Edge ideals and edge rings were first introduced by Villarreal [11] and then they have 
been studied by many authors in order to examine their algebraic properties according to the 
combinatorial data of graphs. The most important Algebraic objects among these are Betti 
numbers and positive dimension. The aim of this paper is to investigate the above mentioned 
algebraic properties of (G);, where (G),; is a graph such that to every vertex adds 7 pendent 
edges. In this paper, we denote S,, for a star graph with n+ 1 vertices. 


§2. The Projective Dimension of Some Graphs 


In this section, we study the projective dimension of some graphs. We begin this section with 
the following results. 


Proposition 2.1((6], Proposition 2.2.8) If G is the disjoint union of the two graphs Gy and 
G2, then pd(G) = pd(G1) + pd(Ga). 


Corollary 2.2([6, Corollary 2.2.9]) Let components are G1,--:,Gm. Then the projective 
dimension of G is the sum of the projective dimensions of Gi,-+- ,Gm, t.e pd(G) = UM, pd(Gi). 


Throughout this section, v will denote a vertex of T which has all but at most one of its 
neighbours of degree 1 ( and if it has exactly one neighbour then that neighbour also has degree 
1). The neighbours of v will be denoted v1,--- ,v, such that v1,--+- ,Up,—1 all have degree 1. 
Also the neighbours of uv, other than v will be denoted by wy1,--: ,wWm.- 

Let T denoted a forest and let T’ denote the subgraph of T' which is obtained by deleting 
the vertex v, and let T” denote the subgraph Of T which is obtained by deleting the vertices 
V,U1,°** Un. That is, T = T\T{v} and T =T \ {v,v1,--- ,Un}. Note that T’ and T” must 
both be forests. 


Theorem 2.3({6, Theorem 9.4.17]) Let p = pd(T), p = pd(T’) and p = pd(T’). Then 


projective dimension of the forest T is equal to p= max{p',p" +n}. 


Theorem 2.4([6, Theorem 4.2.6]) If G is a graph such that G° is disconnected, then pd(G) = 
[V(G)| — 1. 


Lemma 2.5([3, Lemma 3.2]) Let x be a vertex of a graph G. Then pd(G) < max{pd(G — 
N[x]) + deg(x), pd(G — {x}) + 1}. 
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Lemma 2.6([3, Observation 4.5]) The maximum size of a minimal vertex cover of G equals 
BigHeight(I(G)). 


In the following proposition, we investigate the projective dimension of graph G such that 
G is the graph obtained from S,, by adding 7 pendant edges to each vertex. 


Proposition 2.7 If G is the graph obtained from S,, by adding 1 pendant edges to each vertex, 
then pd(G) = ni+1. 


Proof Let the set {uo, ui,:-: ,Un} be vertex set of S, and the set {uj,,uj.,--- ,uy,} be 
the leaves the adjacent with vertex u; for 0 < 7 <n. Then, by Theorem ??, we have 


pd(G) = max{pd(G — {u1}), pd(G — {ur,, Uigs+*+ , Uj, U1, Uof) +a + 1}. 
Also, Theorem 2.4 and Corollary 2.2, 
pd(G — {u1,,Uig,°°* »U1;,U1,Uot}) F7+1} = (n—-1)i. 
By reusing of Theorem 2.3, 
pd(G — {u1,} = max{pd(G — {u1,,u1,}), ni}. 


So we have, 


pd(G) = max{pd(G ~~ {ui,,U12}), nt + 1}. 


Continuing this process we have, 
pd(G) = max{pd(G — {u1,,ui,,°-+ ,u1,}),nit+ 1}. 
Now, let G, = G — {u1,,t1,,°++ ,U1,}. Then with the use of Lemma 2.5, we obtain, 
pd(G,) < max{pd(G, — N[uo]) + deg(uo), pd(Gi — {uo}) + 1}. 
Since pd(G; — N[uo]) =0, deg(uo) =n +7, we have, 


pd(G) < max{mi+n,(n—1)i+ 1}. 


Hence pd(G) = ni+ 1. This completes the proof. 


In the next proposition, we study the projective dimension of graph G such that G is the 
graph obtained from K,,,, by adding 7 pendant edges to each vertex. 


Proposition 2.8 If G is the graph obtained from Ky by adding t pendant edges to each 
vertex, then pd(G) = max{mi+n,ni+m}. 


Proof We do proof by induction on n. Suppose that n = 1 and m > 1. Then by Proposition 
2.7, we have, pd(G) = max{mi + 1,i +m} = mi+1. Now, we may assume that n > 1 and 
m > 1. Also, let the result is true for each K,,,, and k < n. Since the sets 
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{iis Pg, es > Ur5Y1ys Ylor Uli Umi Ym." ** Ym}; 
and 


(iis Wes Ym F1y5V1o5° 0 V1 Unis Unas*** vee 


are the two minimal vertex cover of maximal size. By the proof Lemma 2.6, we have 


pd(G) > Bight(I(G)) = max{mi + n,ni+m}. 


On the other hand, by Lemma 2.5, we obtain 


pd(G) < max{pd(G — N[x1]) +m +i, pd(G — {x1}) + 1}. 


Now, by Corollary 2.2, pd(G — N[ai]) = (n — 1), and so by induction hypothesis, 


pd(G — {a1}) = max{mi + (n— 1), (n—-1)i+m}. 


Therefore 


pd(G) = max{ni+m,max{mi+ (n— 1), (n—1)i+m}} 


= max{mi+n,ni+m}. 


Hence the result holds. 


Corollary 2.9 If G is the graph obtained from Sp, ® Sm by adding i pendent edges to each 


vertex, then 


pd(G) = max{(mn + m)i+n+1,(mn+n)i+ m+ 1} 


for m,n>1. In particular, pd(S;, @ S,) =mn+m+n-—1. 


Proof Since Sy, ® Sm = SmnU Km.n, we have for i > 1, (Sn ® Sm)i = (Smn)i U (Kmin)i- 
So by Corollary 2.2, Propositions 2.7 and 2.8, the result holds. 


Lemma 2.10([4, Lemma 5.1]) Let I be a squar-free monomial ideal and let A be any subset of the 
variables. We relabel the variables so that A = {x,--+ ,&%,}. Then either there exists a j with 
1<j <i such that pd(S/I) = pd(S/(I,x1,--- ,xj-1) : x) or pd(S/D) = pd(S/(I,x1,--- , xi). 
Lemma 2.11 Let x be a vertex of aG. Then we have 

(1) pd(G) = pd(G — {x}) +1 or pd(G — N[x}) + deg(x); 

(2) If pd(G — N[a]) + deg(x) > pd(G — {x}) +1, then pd(G) = pd(G — N{a]) + deg(x). 


Proof (1) By the proof of Lemma 2.5, we have 
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) = pd(G — N{a}) + deg(a), 


and 


R 
pd (as) = pd(G — {x}) +1. 


Also, by Lemma 2.10, we have 


pd(G) = pa (aa) or pd(G) = pd (aa) | 


Hence the result part (1) holds. 
(2) If pd(G — N{a]) + deg(a%) > pd(G — {x}) +1, then by Lemma 2.5, we have, pd(G) < 
pd(G — N{x]) + deg(x). Now, we consider the following short exact sequence 


a a ee 


((G):2) I(G) (1(G), 2) 


R R 
Therefore, pd(G) = pd (=) > pd (aac) = pd(G — N{a]) + deg(a). Hence the 
() = va ( Tara) = PG ~ Mle) + dean) 
result holds. 


In the following proposition, we investigate the projective dimension of graphs G and H 
such that G and H are graphs obtained from P, and C, by adding i pendant edges to each 


vertex, respectively. 


Proposition 2.12 IfG and H are graphs obtained from P,, and Cy, by adding i pendant edges 


to each vertex, then 


) eac@) = [5] i+ [5]; 


(2) pd(H) = 2 72 — if nis odd, 


—i+— if nis even. 


2 2 


Proof (1) we do proof by induction on n. If n = 2, then G is the double star graph (s1);. 
By Example 2.1.17 in [6], we have pd(G) = i+1. For n = 3, let G be the graph shown in Figure 
1. Then pd(G — {x}) = pd(P2); = pd(s1); =i+1. 


X11, 


Figure 1 
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Also we have, pd(G — N{]) = pd(s;) = i. Hence pd(G — N{a]) + deg(x) > pd(G— {x}) +1, 
and so by Lemma 2.11, pd(G) = pd(G — N[a]) + deg(x) = 21+ 1. Now, let n > 4 and suppose 
that for each P,, of order less that n the result is true. Let G be the graph shown in Figure 2. 


Figure 2 


By the inductive hypothesis, we obtain 


pa(G ~ {21}) = pdlPaays = |") i+ [AS], 


and 


pe NeNeoe a= |" ; | ve F - | . 


Hence by Lemma 2.11, the proof is complete. 
(2) First, Assume that n is a odd number. Then H — {21} = (Pn_1)i, and so H — N[a,| = 
(P,—3)i- If follows from part (1) and Lemma 2.11, 


pd(H) = pd(H — {a1})+1=pd(Py-1)i+1 
7 n-1 a n—-1 igs pe” 
nw ee an) 
or 
pd(H) = pd(G— N{a1]) + deg(a1) = pd(Pn—3)i +i +2 
_ n—-3 - n—-3 Pe re ee 
7 2 |° D re ey 


Hence the result hold. 


§3. The Betti Number of Some Graphs 


In this section, we study the Betti number of two special graphs. We begin this section with 
the basic facts and the following results. 
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A simplicial complex A over a set of vertices V = {x1,--+ , 2%} is a subset of the powerset 
of V with that property that, whenever F € A andG C F, then G € A. The elements of A are 
called faces and the dimension of a face is dim(F’) = |F'| — 1, where |F'| is the cardinality of F. 
Faces with dimension 0 are called vertices and those with dimension 1 are edges. A maximal 
face of A with respect to inclusion is called a facet of A and the dimension of A, dim(A), is 
the maximum dimension of its faces. If A has an only facet, then it is called a simpler. Let A 
and A’ be two simplicial complexes with vertex sets V and V’, respectively. The union A U A’ 
defines as the simplicial complex with the vertex set V UV’ and F is a face of AU A’ if and 
only if F is a face of A or A’. If VN V’ = 9, then the join A * A’ is the simplicial complex on 
the vertex set V UV’ with faces FU F’, where F' € A and F’ € A’. The cone of A, denoted 
by cone(A), is the join of a point {w} with A, that is, cone(A) = Ax {w}. If F € A, then we 
define ep = I,,cru; € R = K[aj,--- ,x,] for some field K. The Stanley-Reisner ideal of A, 
denoted by I, is IA = (ap | F ¢ A) and the Stanley-Reisner ring of A is K[A] = = Let 


(i,;(A) denotes the N-graded Betti numbers of the Stanley-Reisner ring K[A]. one of the most 
well-known results is the Hochster’s formula. 


Theorem 3.1([9, Hochster’s formula]) Fori > 0, the N-graded Betti number @;,; of a simplicial 
complex A are given by 


Big(A)= = dim Hj-i-1(Alw, K). 
WCV(A),|w|=7 


Lemma 3.2(([9]) Let Ay and Ag be two simplicial complezres with disjoint vertex sets having m 
and n vertices, respectively. Also, let A = A; U Ag. Then the N-graded Betti numbers (;,a(A) 


can be expressed as 


d—2 

X18 jag Da) Bp pap(Aa)} if d#i+l, 

j= 

d—2 d—1 

X18 j,a—j(A1) + Bi-j,a—7(A2)} + PB if d=i+1. 
jJ= 


Lemma 3.3((9]) Let G and H be two simple graphs whose vertex sets are disjoint. Then 


GxH = Ag U Ay is the disjoint union of two simplicial complexes. 


Lemma 3.4((6]) Jf H is the induced subgraph of G on a subset of the vertices of G, then 
Bia(H) < Bi,a(G) for all i. 


Proposition 3.5({11, Proposition 5.2.5]) If A is a simplicial complex and cn(A) = w * A its 


cone, then 


for all p. 


In the following theorem, we find a lower bound for the Betti number of graph (Ky .»)i- 
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Theorem 3.6 Let G = (Kyn)i. Then 


BAC) > tmaset > mitn m . > nitm n 1. 


jtk=l4+1 \ 7 k jtk=l4+1 \ 79 k 


Proof Suppose that X = {x1,--+,@m} and Y = {y1,---,yn} be two parts of graph 
Kinn- Also, let X; = {x,,,-+-+,@,,} and Y; = {ys,,--- , Ys, } be the leaves, which are adjacent 
to x, and ys, respectively for 1 < r < mand 1< 5s <n. Now, let Gy = (Kmn)i — UYs. 
Then it is easy to see that AG; = A, U Ag such that Ay = ({21,--+,%m}), and Ag = 
({Yt5 00+ Uns U195°** 5 L1;5°** 5 Lmy3°°* ym; }). Since A, and Ag are simplexes, we have by 
Proposition ??, H;(A1,K) = H;(A2,K) = 0 for all field K. Now, let W 4 0. If W C V(Aj) 
or W C V(Ag), then Aw is a simplex. So for all i, H;(Aw,K) = 0. Therefore, Suppose that 
WOV(Ai) 49 and WNV(Ag) £0, and so Aw is a simplicial complex with two connected. 
Thus for all 7, we have, 


0 j#9, 


H;(Aw,K) = 
: K j7=0. 


If d=1+4 1, the by Hochster’s formula, we have 


Bia(Gi) = dim H(Aw,K) = yy 1 
WCV(A),|W|=d WCV(A),|W|=d 
mi+tn m " mi+n m 
1 l 2 1-1 
mi+tn m 
+ oe 
l 1 
7 3 mi+tn m 
piper ed k 
Therefore 
|V(G1)| mitn m 
B(Gi)= DY Ba(Gi)= DV . 
d=1 jtk=l41 \ 9 k 
mi+tn m 
It follows by Lemma 3.4, B(G) > SO with using an argu- 
jtk=l+1 \ 9 k 
mi+n m 
ment similar, we can see that G(G) > . This completes the 
j+kal+1 \ 9 k; 


proof. 


Projective Dimension and Betti Number of Some Graphs ay 


As an immediate consequence of the preceding result, we obtain. 
Corollary 3.7 Let G = (S,,);. Then 


Ser snc > ni+tl n . n+i ¥ 


jtk=lt+1 \ 9 k l 


Proof With assume that m = 1, the result follows from Theorem 3.5. 
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Abstract: In a connected graph G(V, E), a set S C V is said to be a k-resolving set of 
G, if for every pair of distinct vertices u,v € V —S, there exists a vertex w € S such that 
|d(u,w) — d(v,w)| > k for some k € Zt. Among all k-resolving sets of G, a set having 
minimum cardinality is called a k-metric basis of G and its cardinality is called the k-metric 
dimension of G, denoted by 6x(G). In this paper, we characterize graphs with prescribed 


k-metric dimension. We also extend some of the earlier known results on metric dimension. 
Key Words: Metric dimension, k-metric dimension, landmarks. 
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§1. Introduction 


All graphs considered in this paper are simple, finite, undirected and connected. A vertex 
w € V(G) is said to resolve a pair of vertices u,v € V(G) if d(u,w) € d(v,w). A set S C V(G) 
resolves G if every pair of distinct vertices of G is resolved by some vertex in $. Further, the set S 
is called a resolving set of G. In other words, a resolving set of G is a set S = {w 1, wo,..., we} of 
vertices in G such that for each u € V(G), the vector r(u|S) = (d(u, wi), d(u, we),--+ ,d(u, wz)) 
uniquely identifies wu. The k-vector r(u|.S') is called the metric code, S-location or S-code of 
u € V(G). A resolving set of minimum cardinality in a graph is called a minimum resolving 
set or metric basis, the elements of which, are called landmarks. The metric dimension of G, 
denoted by 3(G), is the cardinality of a minimum resolving set in G. 

The concept of resolving sets for a connected graph was introduced in the year 1975 by 
Slater [15] using the term locating set. He called the minimum resolving set a reference set 
and the cardinality of a reference set the locating number of the graph. In fact, resolving sets 
were studied much earlier in the context of the coin-weighing problem [3, 4, 8]. In the year 
1976, Harary and Melter [11] independently introduced these concepts, however, under different 
terminologies. They used the term metric dimension instead of locating number. Since then, 
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a significant amount of work has been carried out on resolving sets [2, 18, 23, 21, 17, 19, 7, 12, 
25]. Also, there have been many instances where the concept of resolving sets has arisen, some 
of which include navigation of robots, solution of the Mastermind game and network discovery 
& verification. 

The following are some of the results on metric dimension obtained by various authors and 
are used for immediate reference in the subsequent sections of this paper. 


Theorem 1.1({Khuller, Raghavachari and Rosenfeld, [13]) For a simple connected graph G, 
B(G) =1 if and only if G & P,. 


Theorem 1.2({Harary and Melter [11]) For any positive integer n, B(G) =n — 1 if and only 
if GY Ky. 


Theorem 1.3(Chartrand, Erwin, Harary and Zhang [6]) Jf G is a connected graph of order n, 
then B(G) <n —diam(G). 


Lemma 1.4 For any connected graph G on n vertices which is not a path, 


2< B(G) < n—-diam(G). 


In this paper, we establish certain bounds on k-metric dimension 6;(G), introduced by 
Sooryanarayana [22], as a generalization of metric dimension. Further, we obtain a bound 
on the degree of a vertex and order of a graph in terms of its k-metric dimension. We also 
characterize graphs G with (;,(G) = k. 


§2. k-Metric Dimension 


The k-metric dimension 6,(G) was introduced by Sooryanarayana in [22] as a generalization 
to metric dimension. In particular, some work was carried out by Geetha and Sooryanarayana 
[24] for k = 2. 


Definition 2.1 Let G(V, E) be a connected graph andl,k € Z* withk <1. A subset S of V is 
said to be a (l,k)-resolving set of G, if for every u,v © V—S andu Fv, there exists a vertex 
w € S with the property that k < |d(u,w) — d(v,w)| <1. Further if | > diam(G), then every 
(1, k)-resolving set is simply called a k-resolving set. 


Definition 2.2 A k-resolving set S is said to be a minimal k-resolving set if none of its proper 
subsets is a k-resolving set. Further a minimal k-resolving set of minimum cardinality is called 
a lower k-metric basis or simply a k-metric basis of G and is denoted by Sy and its cardinality 


is called the k-metric dimension of G and is denoted by 3,(G). 
Some of the results that follow directly from the above definition are stated below. 


Remark 2.3 For any graph G on n vertices, 1 < §,(G) < n-—1 for all k € Z*. Further, if 
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k > d, the diameter of G, then 6,(G) =n-—1. 


Remark 2.4 For k = 1, the k-metric dimension is same as metric dimension of a graph and 
for k > 2, it follows that 6,,(G) > 6(G). Further, as 1 < 6(G) < 6x(G) < |V(G)], it follows for 
any integer k > 1 that 6,(i,,) =n — 1 whenever n > 2. 


Lemma 2.5 For any integer k > 1, if S is a k-resolving set of a connected graph G andv € S, 


then V — S' has at most one pendant vertex adjacent to v. 


Proof If two or more pendant vertices are adjacent to v, then for each vertex w € S the 


distance from these vertices is identical. Hence S will not resolve these vertices. 


Lemma 2.6 For any connected non-trivial graph G and an integer k > 2, if S is a k-resolving 
set of G, then d(x,y) > k for any two distinct vertices x,y EV —S. 


Proof Suppose, to the contrary, that d(a,y) < k—1 for some z,yEV—S. LetweS 
be arbitrary. Without loss of generality, we assume that d(x, w) > d(y,w). Then by triangular 
inequality, we have d(z,w) < d(x,y) + d(y,w) => d(xa,w) —d(y,w) < d(a,y) < k-Il,a 


contradiction since w is arbitrary. 


If S; is a k-metric basis for a graph G with |V — S;| > 1, then, by Lemmas 2.5 and 2.6, it 
follows that 


1. V — S; is an independent set and S$; is a dominating set. 


2. At least k — 1 vertices in any shortest path between two distinct vertices of V — S; are in 
Sk. 


3. The cardinality of S; is at least k — 1, ie., Gy (G) > k —1. 
4. n—i(G) < B.(G) < n—1, where i(G) denotes the independence number of the graph G 
5. ¥(G) < Be(G), where y(G) is the lower domination number of G. 

Combining the above results, we have 


Lemma 2.7 For any k € Zt and a connected non-trivial graph G on n vertices, 


k-1<6(G) <n-1. 


The following result shows the cases where the lower bound in Lemma 2.7 is attained. 


Theorem 2.8 For any connected non-trivial graph G of order n and an integer k € Z*, 
Px (G) =k —1 if and only ifn =k. 


Proof Let Sj, be a metric basis with |S;,| = 6,(G) = k—1. Then, as 6,(G) < n—1, it 
follows that n > k. If n > k, then there exist at least two vertices x,y € V — Sp. But then, 
the second condition stated above implies that < S, >& P,_1 and x is adjacent to one of the 
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end vertices of < S, > and y is adjacent to the other. Hence |V — S;| = 2 and G © Py41. 
This shows that diam(G) = k => |d(a,w) — d(y,w)| < k for any w € 5S, a contradiction. 
Thus, n = k. The converse follows immediately from Remark 2.3 by noting the fact that 
k=n>n-—12 diam(G). 


Corollary 2.9 For any connected graph G and any integer k > 2, 34(G) = 1 if and only if 
G = Ko. 


The following result is an extension of Theorem 1.2 and shows the cases where the upper 


bound in Lemma 2.7 is attained. 


Theorem 2.10 For any connected non-trivial graph G on n vertices and any integer k > 1, 
Px (G) =n —1 af and only if diam(G) < k. 


Proof For k = 1, the result follows by Theorem 1.2. Suppose that k > 2 and let G be a 
connected non-trivial graph on n vertices with 3,(G) = n—1. Assume, to the contrary, that 
diam(G) > k+1. Then there exists a pair of vertices u,v € V such that d(u,v) =k+1. Let P: 
u—21—X9—-++-—a,—v bea shortest path from u to v. Let S = V—{21,v}. Then V—S = {21, v} 
and for these 71, v € V—S, the vertex u € S is such that d(u,v)—d(u,x) = (k+1)—-1=k. So, 
S is a k-resolving set of G and hence (;(G) < |S| = n—2, a contradiction. The converse follows 


from the fact that for any three distinct vertices x,y and u in G, |d(a,u) —d(y, u)| < k—1 since 
diam(G) <k. 


Remark 2.11 From Theorem 2.10, it follows for any k > 2 that the k-metric dimension of the 
graphs on n vertices such as, Petersen graph, complete p-partite graphs for any p,2 < p< n, 
A + kK, for any graph H on n— 1 vertices, etc., isn — 1. 


§3. Bounds on Order of a Graph and Degree of a Vertex in Terms of 


k-Metric Dimension 


In this section, we present some bounds on the order of a graph and degree of a vertex in a 


graph in terms of its /-metric dimension. 


Theorem 3.1 For any connected non-trivial graph G of order n and an integer k > 3, if 


k+1 k+2 
Be (G) =m, then m-+1<n<m( 72) +1 for odd k and m1 <n m(AE2) 41 for 


even k. 


Proof The lower bound follows from Lemma 2.7. To establish the upper bound, consider a 
k-metric basis S;, for G with |S;,| =m. Then, V—5;, is totally disconnected and |V—S$;| = n—m. 
Since G is connected, by Lemma 2.6, the length of a shortest path between any two vertices 
u,v € V — Sz should include at least k — 1 vertices of S; such that none of them is adjacent 
to any other vertex in V — S;. Thus, for n — m vertices in V — Sz, we must have at least 
(n —m—1)| 45+] distinct vertices in S. 


122 B.Sooryanarayana, S.Kunikullaya and N.N.Swamy 


Remark 3.2 The above theorem need not be true for the case k = 2. For instance, for the 


graph shown in Figure 1, the set Sp = {w 1, we, w3} is a metric basis with m = 3 and n= 8. 


Xo 
xX x5 ty X, Xz 


Figure 1 A graph G on 8 vertices with (9(G) = 3 


Theorem 3.3. For any connected non-trivial graph G of order n, if B2(G) =m, thenm+1< 
m(m + 3) 


J , 
ne a 
Proof The lower bound follows from Lemma 2.7. For the upper bound, let S$; be a k- 
metric basis for G with |.$;| = m with w 1, w2,--- ,Wm being the vertices in S;. Let Ng, (w;) 


denote the set of vertices in V — S; adjacent to the vertex w;, for 1 < 7 < m. Then for each 
pair of vertices x,y € Ng, (wi), Sz should contain at least one vertex w; which is adjacent 
to exactly one of these vertices (clearly w; #4 w1). Hence for the vertex w; € Sx, the set 
S; should contain at least Ng,(w1) — 1 new vertices other than w;. This is possible only if 
Ng, (wi) < m. We now define N(w;) recursively as (i) N(w1) = Ng, (wi) and (ii) for 7 > 2, 
N(w;) = Ng, (w;) — Ng, (wj-1). Then, for each pair of vertices in x,y € N(we2), we require 
at least N(w2) — 1 vertices in S;, — {w1,w2} adjacent to exactly one of these vertices (since 
N(w1) N(we) =). This is possible only if N(w2) < m—1. Continuing the same argument, 
we get, for each 1 < j <m, that N(w;) <m—j-+1. Further, since the graph G is connected 
and the set V — 5; is independent, the way N(w,) is constructed implies that 


m 


IV ~ Sel = SN us) = Df — 5 4 = MT) 


q=1 


Lemma 3.4 For any integer k > 2 and a k-resolving set S of a graph G of order n with 
[S| <n—2, ifv € S is a vertex that lies in a shortest path between two vertices x and y in 
V —S, then deg(v) < |S|—k +2. 


Proof We prove the result in two cases based on whether v is adjacent to any vertex in 
V —S or not. 
Case 1. x (similarly y) is a vertex adjacent to v. 


In this case any shortest xy-path P should contain at least k — 1 vertices of S for any other 
vertex y © V—S. Such a vertex y exists as |V — S| > 2. Further, we note that exactly two 
vertices in P are adjacent to v. 


Subcase 1 P contains exactly k — 1 vertices of S. 


In such a case, v is adjacent to at most |.S|— (k — 1) vertices of S — P. Further if v is 
adjacent to exactly |S|— &+ 1 vertices of S — P then no vertex w € S will resolve x and y since 
in this case d(a,y) = k and d(a,w) = 2, d(y,w) < k. Hence v is adjacent to at most |S] —k 
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vertices in S — P. Now if v is adjacent to any other vertex in z © V — S, then k = 2 since 
d(x,z) = 2. Thus, in order to resolve x and z, we require a vertex w € S' non adjacent to v. 
This shows that v is adjacent to a vertex in V — S only by being non-adjacent to a vertex in S. 
Thus deg(v) < |S| —k+2. 


Subcase 2. P contains more than k — 1 vertices of S. 


In this case v is adjacent to at most |.S|— k vertices of S not in P and the vertex adjacent 
to y in P will resolve x and y. Hence deg(v) < |S|—k +2. 


Case 2. v is not adjacent to any vertex in V — S. 


In this case v is adjacent to exactly two vertices in P and at most || — (I(P) — 1) vertices 
in S — P. However, as discussed earlier, if v is adjacent to exactly |S] — (I(P) — 1) vertices in 
S — P, then no vertex in S' will resolve x and y unless [(P) > k, which implies that deg(v) < 
|S]) -—k4+2=|S|—k+2. 


Lemma 3.5 For any integer k > 2 and a k-resolving set S of a graph G of order n with 
|S| <n—2, ifv € S is a vertex not in any shortest path between any two vertices x and y in 
V —S, then deg(v) < |S|—k +1. 


Proof The vertex v is adjacent to at most two adjacent vertices in a shortest path P 
between two vertices x and y in V — S. Otherwise, v lies in a shortest xy-path or P will not 
remain a shortest path. 


Case 1. v is adjacent to two adjacent vertices u, and ug in P. 


In this case no vertex z € V — S is adjacent to v. Otherwise, it is easy to observe that 
v lies in a shortest path between x and z which is not possible. Also, neither v nor any 
vertex v; adjacent to vu will resolve « and y whenever I(P) < k. Without loss of generality, 
let d(x,v) > d(y,v) and uy, be nearer to x than uz. Then d(x,v) > d(x,u1). If not, extending 
xvu-path to ug and then from ug to y along P yields an xy-path containing v that has length 
at most that of P, a contradiction. Also d(x,v) < d(x,u1) + 1 as v is adjacent to uy which 
implies that d(x,ui) < d(a,v) < d(x,u1) +1. Similarly d(y, uz) < d(y,v) < d(y, u2) +1. Hence 
\d(w,v) — dly,v)| < |d(w,u1) +1 — dy, u2)| = |d(x,u2) — d(y,u2)| = ld(w,u2) + dly,ue) — 
2d(y, u2)| = |I(P) — 2d(a, u2)| = |I(P) — 2| =k — 2 <k, a contradiction. Similarly we can show 
that v; will not resolve x and y. Thus, /(P) > k-+ 1 so that v is adjacent to two vertices in P 
and at most || — k —1 vertices of S — V(P). Hence deg(v) < |S] —k+1. 


Case 2. v is adjacent to at most one vertex u,; in P. 


In this case v can be adjacent to at most || — k elements of S —V(P). Further, if v is 
adjacent to any vertex in V — S, then k < 4. When k = 3 or 4 and v is adjacent to exactly 
one vertex z € V — S, we require at least one vertex in S — V(P) not adjacent to v to resolve 
each pair of vertices in {x,y,z}. When k = 2 and v is adjacent to 21, 22, 23,:-: ,2; m V—S, 
we require i vertices in S not adjacent to v to resolve each pair in {2, y, 21, 22,:-: , zi}. Hence 
deg(v) < |5| —k. 

Thus, in each of the cases, we see that deg(v) < |S| —k+1. 
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The following lemma is based on the fact that the set V — S' is an independent set and for 
each x,y € V — S, d(a,y) > k, the vertex x cannot be adjacent to at least k — 1 vertices in S. 


Lemma 3.6 For any integer k > 2 and a k-resolving set S of a graph G of order n with 
|S] <n—2, ifuEeV—S, then deg(v) < |S|—kK+1. 


Summarizing the above results, we have the following theorem. 


Theorem 3.7 For any integer k > 2 and a graph G of ordern >k 


A(G) < By(G) — k +2. 


In the following theorem, we establish a bound on the order of a graph in terms of its 


k-metric dimension and diameter. 


Theorem 3.8 Suppose G is a graph on n vertices with diameter d > 2 and metric dimension 
Gx (G) =m. Then 


d-1 
m 
n<m+1+ Sv(d-i-kt ay. 
i=1 


Figure 2 A k-resolving set for the proof of Theorem 3.8. 


Proof Let S, be a k-resolving set with |S — k| = m and z,y € V —S,. Then, as 
d(x,y) > k, there are vertices w;,,Wi,,:+: , Wi, of S_ in a shortest xy-path, where i; > k — 1. 
The coordinates of the vertex x corresponding to these 7; vertices are respectively 1,2,.../ and 
that of the vertex y are 1,1 —1,---1. Hence these coordinates are fixed. Now, for any other 
w,; € Sx, if the coordinate of x corresponding to w, is 1;, then, as d(z,y) > k, the difference 
between /; and coordinate of y corresponding to w; should be at least k. Without loss of 
generality we assume d(x,w,;) < d(y,w,;). Then, there are at most (d—J1; — k + 1) possibilities 
for the coordinate of y corresponding to the vertex w;, where 1 <1; < d. Thus, there are at 


most 
d-1 


(d—i-—k+1)™* 


Il 
un 
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possible vectors that can be assigned for the vertex y. Therefore 


d-1 
IV-Sel<( | S@-i-k 4". 


i=1 


§4. Characterization of Graphs with 6;,(G) =k 


S. Khuller et al. [13] in the year 1996, proved that 6(G) = 1 if and only if G is a path. Ina 
similar manner, we characterize classes of graphs for which 32(G) = 2 in this section. Further, 
we establish a characterization of graphs with 4;,(G) = k. 


Theorem 4.1 For a connected graph G, 32(G) = 2 if and only if G = P3 or Py or Ps or C3. 


Proof Let G be a connected graph such that 32(G') = 2 and S = {w1, w2} be a 2-metric 
basis of G. Then, by Corollary 2.9, |V| > 3. 


We first claim that |V(G)| < 5. By Lemma 2.6, the set V — S is an independent set. So, 
as the graph G is connected, every vertex in V — S is adjacent to a vertex in S. If two or more 
vertices in V — S are adjacent to both the vertices in S, then by Definition 2.2, we see that S 
is not a 2-metric basis. Hence, at most one vertex can be adjacent to both the vertices in S. 
Similarly, at most one vertex « € V — S' can be adjacent to one of the vertices w; or w2 (since 
ifz,y © V—S are adjacent to w 1, then, as S' is a 2-metric basis, |d(#, w2) — d(y, w2)| > 2 which 
is not possible because S is independent). Hence |V — S| < 3 and |V| <5. 


Suppose |V| = 3, then G is one of P3 or C3 as G is connected. Similarly, if |V| = 4, then 
by Theorem 2.10, diam(G) > 2 and hence G must be P,. In the case of |V| = 5, we have 
|V — S| = 3 and by the same argument, we see that at most one vertex can be adjacent to 
either w, or wa and at most one vertex can be adjacent to both w, and we. If w; and w2 are 
non-adjacent, then G is a path P;. Else, as seen in Figure 3, for any vertex v € V — S,, we have 
1 < d(v,w;) < 2, for each i = 1,2 and hence S' is not 2-metric basis. Thus if |V| = 5, then G 
must be a path. 


Conversely, it is easy to verify that each the graphs P3, Py, P; and C3 has its 2-metric 


dimension 2. This completes the proof. 


W W, 
Figure 3 Graph with $2(G) = 2 


Theorem 4.2 For any integer k > 3, 34(G) =k if and only if G is a connected graph onk +1 


vertices or G = Priya. 
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Proof Let S; be a k-metric basis for G with |S;| = k. Then, by Theorem 3.1, we get 


(k+2)\(k—-1)+1 


1 
a = (k+2)+—=>k4+1<n<k+2 


k 
<n< — = 
k+isnek(z ;) +1 Fl 


(since k > 3) and hence |V — S;| < 2. 
Case 1. |V — S;| =2. 
Let V — S, = {x,y}. w © Sp resolves x and y, and 21 € Sx is adjacent to x. Then the 


only two possibilities are that (i) 7; = w and d(y,w) =k +1 or (ii) a; # w and y is adjacent 
to w (since |S;,| = k and d(x, y) > k). So, the graph in this case is Py. 
Case 2. |V—S;|=1 

In this case, |V(G)| = k +1 and hence diam(G) < k. Thus, by Theorem 2.10, it follows 
that G is any connected graph on k + 1 vertices for 3,(G) = k. 

Conversely for a connected graph on k + 1 vertices we have diam(G) < k and hence by 
Theorem 2.10, 6,(G) = (k +1)—1 =k. Further, for any path on Py42 vertices and any 
k-resolving set S;, of Py42, the distance between any two vertices in V — Sj, is at least k, which 
implies that, |V — S;| < 2. Hence |S;,| > k. 

Let {v1,U2,°++ , Uk; Uk+1, Uk-+2} be the vertices of the path P,+2 such that vu; is adjacent to 
only uj41 for each 1,1 <i<k+1. Consider the set S, = {v2,u3,--++ , Ug, Uk+2}. U1, Ue+1 are the 
only vertices in V — S; that are k-resolved by the vertex vg42 in S,. Hence S; is a k-resolving 
set with |S;,| =k. Therefore 6; (Py42) = k. 


Problem 4.3 Solve for G, the equation 3;,(G) =k+1 for all k < diam(G). 
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§1. Introduction 


For standard terminology and notation in graph theory we refer Harary [4] and Zaslavsky [40] 
for signed graphs. Throughout the text, we consider finite, undirected graph with no loops or 
multiple edges. 

Within the rapid growth of the Internet and the Web, and in the ease with which global 
communication now takes place, connectedness took an important place in modern society. 
Global phenomena, involving social networks, incencitives and the behavior of people based on 
the links that connect us appear in a regular manner. Motivated by these developments, there 
is a growing multidisciplinary interest to understand how highly connected systems operate [3]. 

In social sciences we often deal with relations of opposite content, e.g., “love”- “hatred”, 
“likes” - “dislikes”, “tells truth to”-“lies to” etc. In common use opposite relations are termed 
positive and negative relations. A signed graph is one in which relations between entities may 
be of various types in contrast to an unsigned graph where all relations are of the same type. 
In signed graphs edge-coloring provides an elegant and uniform representation of the various 
types of relations where every type of relation is represented by a distinct color. 

In the case where precisely one relation and its opposite are under consideration, then 
instead of two colors, the signs + and - are assigned to the edges of the corresponding graph in 
order to distinguish a relation from its opposite. In the case where precisely one relation and 
its opposite are under consideration, then instead of two colors, the signs + and — are assigned 
to the edges of the corresponding graph in order to distinguish a relation from its opposite. 
Formally, a signed graph © = ([,c) = (V,E,c) is a graph I’ together with a function that 
assigns a sign o(e) € {+,—}, to each edge in I. o is called the signature or sign function. In 
such a signed graph, a subset A of E(I) is said to be positive if it contains an even number 
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of negative edges, otherwise is said to be negative. Balance or imbalance is the fundamental 
property of a signed graph. A signed graph © is balanced if each cycle of © is positive. Otherwise 
it is unbalanced. 

Signed graphs ©; and Nz are isomorphic, written 4, © Ny, if there is an isomorphism 
between their underlying graphs that preserves the signs of edges. 

The theory of balance goes back to Heider [7] who asserted that a social system is balanced 
if there is no tension and that unbalanced social structures exhibit a tension resulting in a 
tendency to change in the direction of balance. Since this first work of Heider, the notion 
of balance has been extensively studied by many mathematicians and psychologists. In 1956, 
Cartwright and Harary [2] provided a mathematical model for balance through graphs. 

A marking of X is a function ¢: V([T) — {+,—}. Given a signed graph © one can easily 
define a marking ¢ of © as follows: For any vertex v € V(X), 


uve E(X) 


the marking ¢ of & is called canonical marking of U. 

The following are the fundamental results about balance, the second being a more advanced 
form of the first. Note that in a bipartition of a set, V = Vi U Vo, the disjoint subsets may be 
empty. 


Theorem 1.1 A signed graph © is balanced if and only if either of the following equivalent 


conditions is satisfied: 


(1)(Harary [5]) Its vertex set has a bipartition V = V; UV2 such that every positive edge 
joins vertices in Vi or in V2, and every negative edge joins a vertex in V, and a vertex in V2; 

(2)(Sampathkumar [13]) There exists a marking 1 of its vertices such that each edge wv in 
I’ satisfies a(uv) = C(u)¢(v). 


Let © = (Ic) be asigned graph. Complement of 5 is a signed graph © = (I, a’), where for 
any edge e = uv ET, o/(uv) = C(u)¢(v). Clearly, © as defined here is a balanced signed graph 
due to Theorem 1.1. For more new notions on signed graphs refer the papers (see [10-37]). 

A switching function for © is a function ¢ : V — {+,—}. The switched signature is 
aS(e) := C(v)o(e)¢(w), where e has end points v, w. The switched signed graph is 5S := (S|). 
We say that © switched by ¢. Note that HS = U~S (see [1)). 

If X CV , switching © by X (or simply switching X) means reversing the sign of every 
edge in the cut set E(X, X°). The switched signed graph is ©*. This is the same as ©$ where 
¢(v) := — if and only if v € X. Switching by ¢ or X is the same operation with different 
notation. Note that 5* = D*°, 

Signed graphs 4; and Nz are switching equivalent, written ©; ~ Nz if they have the same 
underlying graph and there exists a switching function ¢ such that r¢@ yy. The equivalence 
class of &, 

la Oe ee 


is called the its switching class. 
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Similarly, ©; and 2 are switching isomorphic, written 4; = No, if 41 is isomorphic to a 
switching of %2. The equivalence class of is called its switching isomorphism class. 

Two signed graphs ©; = ((1,01) and Ny = (T2, 02) are said to be weakly isomorphic (see 
[?]) or cycle isomorphic (see [?]) if there exists an isomorphism ¢ : Ty — T2 such that the sign 
of every cycle Z in © equals to the sign of ¢(Z) in Ng. The following result is well known. 


Theorem 1.2(T. Zaslavsky [39]) Two signed graphs 4 and Sg with the same underlying graph 


are switching equivalent if and only if they are cycle isomorphic. 


In [16], the authors introduced the switching and cycle isomorphism for signed digraphs. 
In this paper, we initiate a study of the radial signed graph of a given signed graph and solve 
some important signed graph equations and equivalences involving it. Further, we obtained the 


structural characterization of radial signed graphs. 


§2. Radial Signed Graph of a Signed Graph 


In a graph T, the distance d(u,v) between a pair of vertices u and v is the length of a shortest 
path joining them. The eccentricity e(u) of a vertex u is the distance to a vertex farthest from 
u. The radius r([) of T is defined by r([) = min{e(u) : u € T} and the diameter d(T) of T is 
defined by d(T) = max{e(u) : uw € T}. A graph for which r([) = d(T) is called a self-centered 
graph of radius r([). A vertex v is called an eccentric vertex of a vertex u if d(u,v) = e(u). A 
vertex v of [ is called an eccentric vertex of T if it is an eccentric vertex of some vertex of I. 
Let 5S; denote the subset of vertices of [ whose eccentricity is equal to 7. 

Kathiresan and Marimuthu [8] introduced a new type of graph called radial graph. Two 
vertices of a graph [ are said to be radial to each other if the distance between them is equal 
to the radius of the graph. The radial graph of a graph I, denoted by R(T), has the vertex 
set as in I’ and two vertices are adjacent in R(T) if, and only if, they are radial in I. If T is 
disconnected, then two vertices are adjacent in R(T) if they belong to different components of 
[. A graph T is called a radial graph if R(T’) =T for some graph I’. 

Motivated by the existing definition of complement of a signed graph, we now extend the 
notion of radial graphs to signed graphs as follows: The radial signed graph R(X) of a signed 
graph © = (T,c) is a signed graph whose underlying graph is R(T) and sign of any edge wv is 
R(X) is ¢(u)C(v), where ¢ is the canonical marking of ©. Further, a signed graph } = (I, a) is 
called radial signed graph, if & & R(X’) for some signed graph %’. following result restricts the 
class of radial graphs. 


Theorem 2.1 For any signed graph % = (T,c), its radial signed graph R(X) is balanced. 


Proof Since sign of any edge e = wv in R(X) is ¢(w)¢(v), where ¢ is the canonical marking 
of %, by Theorem 1.1, R() is balanced. 


For any positive integer k, the k“” iterated radial signed graph, R*(X) of ¥ is defined as 
follows: 
Rs) =x, RPS) = RUBE *(D)). 
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Corollary 2.2 For any signed graph \ = (I,c) and for any positive integer k, R*(X) is 


balanced. 


The following result characterize signed graphs which are radial signed graphs. 


Theorem 2.3 A signed graph X = (T,c) is a radial signed graph if, and only if, % is balanced 
signed graph and its underlying graph T is a radial graph. 


Proof Suppose that © is balanced and [ is a radial graph. Then there exists a graph I’ such 
that R(T’) = T. Since X is balanced, by Theorem 1, there exists a marking ¢ of I’ such that 
each edge uv in © satisfies o(wv) = ¢(u)¢(v). Now consider the signed graph ©’ = (I”,o’), 
where for any edge e in I”, o’(e) is the marking of the corresponding vertex in I. Then clearly, 
R(x’) =X. Hence © is a radial signed graph. 

Conversely, suppose that © = (I,c) is a radial signed graph. Then there exists a signed 
graph ’ = (I”,o’) such that R(X’) & N. Hence, T is the radial graph of I’ and by Theorem 3, 
x is balanced. 


The following result characterizes the signed graphs which are isomorphic to radial signed 
graphs. In case of graphs the following result is due to Kathiresan and Marimuthu [9]. 


Theorem 2.4 LetT be a graph of ordern. Then R(T) =T if, and only if, T is a connected 
graph with r(T) = d(T) =1 orr(T) =1 and d(T) = 2. 


Theorem 2.5 For any connected signed graph % = (T,c), © ~ R(X) if, and only if, & is 
balanced and the underlying graph T with r(T) = d(T) = 1 or r(L) = 1 and d(T) = 2. 


Proof Suppose R(X) ~ Y. This implies, R(T) = TI and hence by Theorem 2.4, we see 
that the graph T satisfies the conditions in Theorem 2.4. Now, if © is any signed graph with 
underlying graph being r([) = d([) = 1 or r([) = 1 and d(T) = 2, Theorem 2.1 implies that 
R(®) is balanced and hence if © is unbalanced and its radial signed graph R(~) being balanced 
can not be switching equivalent to U in accordance with Theorem 1.2. Therefore, © must be 
balanced. 

Conversely, suppose that © balanced signed graph with the underlying graph I with r(T) = 
d({) = 1 or r(C) = 1 and d(T) = 2. Then, since R(X) is balanced as per Theorem 3 and since 
R(T) =T by Theorem 2.4, the result follows from Theorem 1.2 again. 


In [9], the authors characterize the graphs for which R(T) &T. 


Theorem 2.6 Let I be a graph of ordern. Then R(V) =T if, and only if, either S2(T) = V(T) 


or T is disconnected in which each component is complete. 


In view of the above result, we have the following result that characterizes the family of 
signed graphs satisfies R(X) ~ ¥. 


Theorem 2.7 For any signed graph © = (1,0), R(X) ~¥ if, and only if, either So(T) = V(T) 


or T is disconnected in which each component is complete. 
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Proof Suppose that R(X) ~ X. Then clearly, R(T) =T. Hence by Theorem 2.6, T is either 
S(T) = V(L) or disconnected in which each component is complete. 

Conversely, suppose that ¥ is a signed graph whose underlying graph is either S2([) = V(T) 
or TI is disconnected in which each component is complete. Then by Theorem 2.6, R(T) =T. 
Since for any signed graph ©, both R(X) and ¥ are balanced, the result follows by Theorem 
1.2. 


The following result due to Kathiresan and Marimuthu [9]gives a characterization of graphs 
for which R(T) ~ R(T). 


Theorem 2.8 Let I be a graph. Then R(T) ~ R(L) if, and only if, T satisfies any one the 


following conditions: 
(1) T or T is complete; 


(2) T orT is disconnected with each component complete out of which one is an isolated 


vertex. 


We now give a characterization of signed graphs whose radial signed graphs are switching 


equivalent to their radial signed graph of complementary signed graphs. 


Theorem 2.9 For any signed graph © = (T,c), R(X) ~ R(¥) if, and only if, T satisfies the 
conditions of Theorem 2.8. 


The notion of negation 7(X) of a given signed graph © defined in [6] as follows: 


n(X) has the same underlying graph as that of © with the sign of each edge opposite to 
that given to it in . However, this definition does not say anything about what to do with 
nonadjacent pairs of vertices in © while applying the unary operator 7(.) of taking the negation 
of &. 


For a signed graph © = (T,o), the E,(X) is balanced (Theorem 2.1). We now examine, 
the conditions under which negation 7(X) of E,(%) is balanced. 


Theorem 2.10 Let = = (T,o) be a signed graph. If R(T) is bipartite then n(R(X)) is balanced. 


Proof Since, by Theorem 2.1, R(X) is balanced, if each cycle C in R(X) contains even 
number of negative edges. Also, since R(I’) is bipartite, all cycles have even length; thus, the 


number of positive edges on any cycle C in R(X) is also even. Hence n(R(X)) is balanced. 
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Abstract: For two vertices u and v of a connected graph G, the set I[u,v] consists of all 
those vertices lying on u — v geodesics in G. Given a set S of vertices of G, the union of all 
sets I[u,v] for u,v € S is denoted by J[S]. A convex set S satisfies I[S] = S. The convex 
hull [S] of S is the smallest convex set containing S. The hull number h(G) is the minimum 
cardinality among the subsets S of V with [S] = V. In this paper, we introduce and study the 
geodesic irredundant number of a graph. A set S of vertices of G is a geodesic irredundant set 
ifu ¢ I[S—{u}] for all u € S and the maximum cardinality of a geodesic irredudant set is its 
irredundant number gir(G) of G. We determine the irredundant number of certain standard 
classes of graphs. Certain general properties of these concepts are studied. We characterize 
the classes of graphs of order n for which gir(G) = 2 or gir(G) = n or gir(G) = n—1, 
respectvely. We prove that for any integers a and b with 2 < a < b, there exists a connected 
graph G such that h(g) = a and gir(G) = b. A graph H is called a maximum irredundant 
subgraph if there exists a graph G containing H as induced subgraph such that V(/) 
is a maximum irredundant set in G. We characterize the class of maximum irredundant 


subgraphs. 


Key Words: Interior vertex, extreme vertex, hull number, geodesic irredundant sets, 


irredundant number. 
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§1. Introduction 


By a graph G = (V, £) we mean a finite undirected connected graph without loops or multiple 
edges. The distance d(u,v) between two vertices u and v in a connected graph G is the length 
of a shortest wu - v path in G. An u - v path of length d(u,v) is called an u - v geodesic. It is 
known that the distance is a metric on the vertex set V. The set I[u,v] consists of all vertices 
lying on some u - v geodesic of G, while for S CV, J[S] =U, ,., I[u,v]. The set S$ is convex 
if I[S] = S. The convex hull [S] is the smallest convex containing S. The convex hull [5] 
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can also be formed from the sequence {I*[S]}, k > 0, where J°[S] = 9, I*[S] = I[S] and 
I*(S] = I[I*-1[$]] for k > 2. From some term on, this sequence must be constant. Let p be 
the smallest number such that J?[S] = J?++[$]. Then I?[S] is the convex hull [$]. A set S of 
vertices of G is a hull set of G if [S] = V, and a hull set of minimum cardinality is a minimum 
hull set or h-set of G. The cardinality of a minimum hull set of G is the hull number h(G) of 
G. To illustrate these concepts, consider the graph G in Figure 1.1 and the set S = {s,t,y}. 
Since I[S] = {s,t,u,v,w, x,y} and I?[S] = V, it follows that S is a hull set of G. In fact, S is 
a minimum hull set and so h(G) = 3. 


8 t 
x 
U Vv 
y 
Figure 1.1 


A vertex x is an eztreme vertex of G if the induced subgraph of the neighbors of x is 
complete or equivalently, V — {x} is convex in G. The hull number is an important graph 
parameter. The hull number of a graph was introduced by Everett and Seidman [7] and further 
studied in [2, 3, 4, 5, 8]. 

These concepts have many applications in location theory and convexity theory. There are 
interesting applications of these concepts to the problem of designing the route for a shuttle 
and communication network design. For basic graph theoretic terminology, we refer to [6]. We 
also refer to [1] for results on distance in graphs. 

If S$ is hull set of a connected graph G and u,v € S, then each vertex of every u—v geodesic 
of G belongs to I[S]. This gives the following observation. 


Observation 1.1([3]) Let S be a h-set of a connected graph G and let u,v € S. If w 4 (u,v) 


lies on au—v geodesic inG, thenw ¢€S. 


The above observation motivate us to study a new type of sets, called geodesic irredundant 
sets, which generalizes minimum hull sets in a graph. In the next section, we introduce and 
study geodesic irredundant sets and the irredundant number of a graph. The irredundant 
number of certain standard classes of graphs are determined. Various characterization results 


are proved. 


Theorem 1.2([3]) For integers m,n > 2, h( Km) = 2. 


Theorem 1.3([3]) Each extreme vertex of a connected graph G belongs to every hull set of G. 
In particular, if the set S of all extreme vertices is a hull set of G, then S is the unique h-set 


of G. 
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§2. Geodesic Irredundant Sets in Graphs 


Let S be a set of vertices in a connected graph G. A vertex v in S is called an interior vertex of 
S, if v € I[S—{v}]. The set of all interior vertices of S is denoted by $°. It can be observe that 
if S° =, then T° = 0) for any subset T of 9. A set S of vertices is called a geodesic irredundant 
set or simply irredundant set if S° = 0. An irredundant set of maximum cardinality is called a 
maximum irredundant set or a gir — set of G. The cardinality of a gir — set is the irredundant 
number gir(G) of G. It follows from Observation 1.1 that every minimum hull set of a connected 
graph G is an irredundant set in G and so we have that 2 < h(G) < gir(G) < n, where n is the 
order of G. To illustrate these concepts, consider the graph G in Figure 2.1. Let S = {vo, v3, us }. 
Then it is clear that S° = @ and so S is an irredundant set. It can be easily verified that any set 
with four or more vertices is not an irredundant set of G and so gir(G) = |.S| = 3. On the other 
hand, let S’ = {v1,v4}. Then I[S’] = V and so we have that h(G) = 2. Since the irredundant 
number of a disconnected graph is the sum of the irredundant numbers of its components, we 
are only concerned with connected graphs. One can note that for each integer n, there is only 
one connected graph of order n having the largest possible irredundant number, namely n, and 
this is the complete graph Ky. 


U1 


U5 v2 


U4 


Figure 2.1 


Theorem 2.1 For a connected graph G of order n, gir(G) =n if and only if G = Ky. 


We determine the geodesic irredundant number of certain standard classes of graphs. 


Proposition 2.2 For integers m > n> 2, gir(Kmn) =m. 


Proof It is clear that gir(K2.2) = 2 and so we can assume that m > 3. Let Vj and V2 
be the partite sets of Km» with |Vi| = m and |V2| = n. Then it is obvious that both V; and 
V2 are irredundant sets of Km». Now, let S be any set of cardinality greater than m. Then 
SAV, 40 and SOV, £9. Since |S| > 3, it follows that either |SAVi| > 2 or |SMVa| > 2. 
This shows that 9° 4 @ and hence gir(Kimn) = |Vi| =m. 


Proposition 2.3 For any cycle C,, (n > 5), gir(C,) =3. 


Proof Let S = {x1,%2,-++ , ap} be any set of vertices in C, of cardinality k > 4. We prove 
that S° 40. Assume the contrary that S° = (. Then we consider the following two cases. 


Case 1. 1 is even. Now, let v be the antipodal vertex of 7. If v € S and since |S| > 4, it 
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follows that S° 4 0. So we can assume that v ¢ S. Let Py : 21 = uy, Ue2,°°- ,Uun41 =v and 
Py: £1 = 1,U2,°-+ ,Un41 =v be the two x; — v geodesics in C,. Since S° = 9, without loss of 
generality we can assume that x2 = u, € Py; and v3 = vs € Py and 74 = w € Py. Ift <r, then 
v4 € S°; and itt >r, then 22 € 9°. This is a contradiction. Thus S$ is not an irredundant set 
and hence gir(C;,) < 3. Now, since T = {u1,uz,vz2} is an irredundant set of cardinality 3, we 
have that gir(C,) = 3. 


Case 2. nis odd. Let x; € S and let v,v’ be the two antipodal vertices of 71. Let P, : 21 = 
U1, U2,°** Und = v’ and Pp: 21 = Vj,0V2,°°° Und =U be the x, — v’ and x, — v geodesics in 
Cy, respectively. Since S is an irredundant set containing at least four vertices, it follows that 
eitheru ¢g Sorv' €S. 


Subcase 2.1 v ¢ S and v’ = 22 € S. Then it is clear that x3,a4 ¢ P, and so 73,74 € Py. 
This implies that either 73 € S° or xq € S°. This leads to a contradiction to the fact that 
S°= 6. 


Subcase 2.2 v ¢ S andv’ ¢ S. Now, since S° = 0, we have that P, contains at most one 
of x2 and x3. Also, Pz contains at most one of #2 and x3. Hence without loss of generality, we 
may assume that x2 € P, and x3 € P:. Now, since |.$| > 4, as in Case 1, it follows that S° 4 0). 
This is impossible and hence gir(C,) < 3. Now, since T = {21,v,v’} is an irredundant set of 
Cr, we have that gir(C,,) = 3. 


The irredundant number of a graph has certain properties that are also possessed by the 
hull number of a graph. In [6], it was shown that if G is a connected graph of order n > 2 and 
diameter d, then h(G) < n—d+1. The same result is also true for the irredundant number of 
a graph. 


Theorem 2.4 Let G be a connected graph of order n and diameter d. Then gir(G) <n—d+1. 


Proof Let S be any set of cardinality greater than n—d+1. Let P: uo,u1,--- ,ua =v be 
a diameteral path in G. Since |S| > n —d+1, it follows that S contains at least three vertices 
from the diameteral path P, say, uj,u; and uz, with 0 <71< jy < k <d. This implies that 
uj € I[ui,ux] and so S° #0. Thus gir(G) <n-—d+1. 


We determine gir(T) for T a tree. 


Theorem 2.5 For any tree T with k end vertices, gir(T) =k. 


Proof Let S be a gir-set of T. Suppose that the set S contains a cut vertex, say, uv of 
T. Let Cy,C2,...,C)(l > 2) be the components of T — v. It is clear that each component C; 
of T’— v contains at least one end vertex, say, u; of T . Since S is an irredundant set of T 
containing the cut vertex v, without loss of generality, we may assume that C, NS 4 @ and 
C;S = 0 for all i = 2,3,---,1. First, we prove that 1 = 2. Otherwise, if 1 > 3, then the 
set S’ = (S — {v}) U {u2, ug} is an irredundant set in T with |S’| = gir(G) +1. This isa 
contradiction. Hence | = 2. Now, let 5; = (S — {v}) U {ug}. Then Sj is an irredundant set of 
cardinality gir(G). Moreover, $; excludes the cut vertex v and includes a new end vertex ug. 


We can continue this process until the resultant gir-set has no cut vertices. This is possible 


The Geodesic Irredundant Sets in Graphs 139 


only when S' has k vertices or less. Now, since the set of all end vertices of T is an irredundant 


set, the result follows. 


A caterpillar is a tree of order 3 or more, the removal of whose end-vertices produces a 
path. 


Theorem 2.6 For any non trivial tree T of order n and diameter d, gir(T) =n—d+1 if and 
only if T is a caterpillar. 


Proof Let T be any non trivial tree. Let u,v be two vertices in T such that d(u, v) = d; and 
let P: w= v0, 0U1,---,;Ud—1, Vd = v be a diameteral path. Let & be the number of end vertices of 
T and | the number of internal vertices of T other than v1, v2,...,vqg—1. Then d—1+1+k=n. 
By Theorem 2.5, gir(T) =k =n—d—1+1. Hence gir(T) = n—d-+1 if and only if 1 = 0, 
if and only if all the internal vertices of T lie on the diameteral path P, if and only if T is a 


caterpillar. 


Remark 2.7 Every minimum hull set of a connected graph G contains its extreme vertices. 
This is, in fact, true for non-minimum hull sets and follows directly from the fact that an 
extreme vertex v is either an initial or terminal vertex of any geodesic containing v. One might 
be led to believe that every maximum irredundant set of a graph G must contains its extreme 
vertices, but this is not so, as the graph G in Figure 2.2, the set S = {u1, U2, us, us} is the 
unique gir-set of G. Moreover, any irredundant set of G containing the extreme vertex us is of 


cardinality less than or equal to 3. us 


Uy ug 


U4 U3 
Figure 2.2 


Remark 2.8 In a connected graph G, cut vertices do not belong to any h-set of G. But cut 
vertices may belong to gir-sets of a graph. For the graph G in Figure 2.3, the set S = {u1, u2, u3} 


is an gir-set containing the cut vertex u1. 
un 


U4 
U1 


U3 


Figure 2.3 
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Theorem 2.9 In a connected graph G, a cut vertex v belongs to an gir-set in G if and only if 


G—v has exactly two components and at least one of them is Ky. 


Proof First, let S be an gir-set of G containing the cut vertex v. Suppose that G — v has 
three components, say C, C2 and C3. Since S is an irredundant set containing the cut vertex v, 
it follows that S' intersect with at most one of C), C2 and C3. Assume without loss of generality 
that SOV (C2) = and SNV(C3) = @. Choose vertices x and y in G such that x € V(C2) and 
y € V(C3). Then it is obvious that the set T = (S — {v}) U {x,y} is an irredundant set in G. 
This is a contradiction to the maximality of S. Hence G—v has exactly two components, say C1 
and C2. Now, suppose that C; 4 K, and Cz 4 K,. Then as above, we have that SNV(C1) =0@ 
or SA V(C2) =. Since |.$| > 2, we can assume that SN V(C,) 49 and SNV(C2) = 9. Let x 
and y be any two distinct vertices in Cp. Then the set T = (5 — {v})U {z, y} is an irredundant 
set in G, which is impossible. Hence either C, = Ky, or Cp = Ky. Conversely, suppose that 
G—v has exactly two components, say, C; and C2 such that V(C,) = {u}. Let S be any gir-set 
of G. Suppose that v ¢ S. Since S is a maximum irredundant set and V(C2) is convex in G, 
it follows that the vertex u belongs to S. This implies that the set T = (S — {u}) U {v} is an 
irredundant set of cardinality gir(G) containing the cut vertex v. Hence the result follows. 


Next theorem is a characterization of classes of graphs G for which gir(G) = 2. The length 
of a shortest cycle in a connected graph G is the girth of G, denoted by girth(G). 


Theorem 2.10 For a connected graph G, gir(G) = 2 if and only if G= P, or G=C4. 


Proof If G = P, or G = C4, then it follows from Theorem 2.5 and Proposition 2.2 that 
gir(G) = 2. Conversely, assume that gir(G) = 2. If G is acyclic, then it follows from Theorem 
2.5 that G = P,. So, assume that G contains cycles. First, we prove that girth(G) = 4. 
Suppose that girth(G) =r > 5. Let C: u1,u2,--: , Ur, ui be a shortest cycle in G. If r = 2n, 
then it clear that d(u1, un) =n — 1; d(u1, Unyo) =n —1 and d(un,Un42) = 2. Hence it follows 
that the set S = {u1, Un, Un+2} is an irredundant set in G, which is a contradiction to the fact 
that gir(G) = 2. Similarly, if r = 2n + 1, then we have that d(u1, Un4i) = n;d(u1,Un42) =n 
and d(Un41,Un+2) = 1. Hence it follows that the set S = {u1,Un41,Un+42} is an irredundant 
set, which is also impossible. This implies that girth(G) < 4. Now, if girth(G) = 3, then there 
exist three mutually adjacent vertices in G, say, u,v and w and so G has an irredundant set of 
cardinality 3. Therefore, we have that girth(G) = 4. Let C: u,v, w,2,u be a shortest cycle in 
G. If GAC, then without loss of generality, we can assume that there exists a vertex y in G 
such that y ¢ V(C) and y is adjacent to u in G. Since girth(G) = 4, it follows that y is not 
adjacent to both x and v. This shows that the set T = {x,y,v} is an irredundant set in G, 


which leads to a contradiction. Hence we have that G = C4. 


For any connected graph G, we have that 2 < h(G) < gir(G). The following theorem is a 
realization of this result. 


Theorem 2.11 For every pair a,b of integers with 2 <a <b, there exists a connected graph G 
such that h(G) = a and gir(G) = b. 


The Geodesic Irredundant Sets in Graphs 141 


Proof If a = 2, then it follows from Theorem 1.2 and Proposition 2.2 that h(K2.,) = 2 
and gir(K2») = b. So, assume that a > 2. Let G be the graph obtained from the complete 
graph Ky with vertex set V(K,) = {x1,22,--- ,a»} by adding new vertices u and v; and the 
edges ux;(1 < i < b—a+2) and vaj(1 < i < b—a+42). We first show that h(G) = a. 
Since the set S = {u,v,Xp—a+3,Ub—a+4,°** , Xp} of all extreme vertices of G is a hull set of 
G, it follows directly from Theorem 1.3 that h(G) = |S| = a. Also, it is clear that the set 
T = {x1,%2,:+-, 2p} is an irredundant set and so gir(G) > |T| = 6. Now, it follows from 
Theorems 2.1 and 3.1 that gir(G) = b. 


§3. Maximum Irredundant Subgraphs 


In this section, we present a characterization of graphs of order n having the irredundant 
number n—1. By Theorem 2.5, the star Ky,,—1 of order n > 3, which can also be expressed as 
K, + K,~1, has irredundant number n — 1. Our characterization of graphs of order n having 
the irredundant number n — 1 shows that the class of stars can be generalized to produce all 


graphs having the irredundant number n — 1. 


Theorem 3.1 Let G be a connected graph of order n. Then gir(G) = n—1 if and only if 
G=k, +U, mK; with Sm; > 2 orG= K, — {e1,€2,--+ ,ex} with 1 <k<n-—3, where 


e;’s all are edges in Ky, which are incident to a common vertex v. 


Proof Suppose that G = kK, + U;m;K; and let v be the cut vertex of G. Then it is clear 
that V — {v} is an irredundant set in G. Also, if G = K,, — {va1, vva,--- , vag}, then V — {v} 
is an irredundant set in G. Hence it follows from Theorem 2.1 that gir(G) =n-—1. Conversely, 
assume that gir(G) = n— 1, then it follows from Theorems 2.1 and 2.4that diam(G) = 2 and 


so G contains interior vertices. We consider the following two cases. 


Case 1. G has a unique interior vertex, say v. Choose vertices u and w both are different 
from v such that v € I[u,w]. In this case, we prove that G = K, +U,m;Kj. For, if G has 
no cut vertices, then the vertices u and w lie on a common cycle C; and so there exist vertices 
x,y and z on the cycle C' such that P : x,y,z is a geodesic of length 2 with y £ v. This leads 
to a contradiction and hence G has cut vertices. Now, since every cut vertex of G is also an 
interior vertex, it follows that v is the only cut vertex in G. Since diam(G) = 2 and v is the 
unique interior vertex in G, we have that the vertex v must be adjacent to every other vertices 
in G. Now, let C,,C2,...Ch (k > 2) be the components of G—v. We claim that each C; is 
complete. Suppose there exists 7 with 1 < 7 < k such that diam(C;) > 2. Then there exists a 
geodesic Q : U1, U2, U3 in G with ug # v. This is a contradiction to the fact that v is the unique 
interior vertex in G. Hence each component of G — v is complete and so G = ki +U ; 5 Kj. 


Case 2. G has at least two interior vertices. Let S be an irredundant set of cardinality n — 1 
and let V — S = {vu}. We first claim that < S > is complete. If not, assume that there exist 
vertices x and y in S which are not adjacent in G. Then d(z,y) = 2. Also, since S is an 
irredundant set of cardinality n — 1, we have that v is the only vertex adjacent to both x and 


y in G. Moreover, one can observe that if u; and wz are non-adjacent vertices in S, then the 
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vertex v is only vertex adjacent to both u, and uz in G. Now, Since G contains at least two 
interior vertices, it follows that there exist vertices u and z in G such that u 4 z and z € Ju, v]. 
It follows from the above observation that the vertex wu is adjacent to both x and y. Hence 
u € S°. This is a contradiction. Thus < $ > is complete. Now, since G is connected. By 


Theorem 2.1, we have that G = K,, — {vx1, vvq,--+ , vag}. 


We now introduce a concept that will turn out to be closely connected to the result already 
stated in this section. A graph H is called a maximum irredundant subgraph, if there exists a 
graph G containing H as an induced subgraph such that V(#) is a maximum irredundant set 
of G. For example, consider the graphs H and G in Figure 3.1. It follows from Theorems 2.1 
and 3.1 that the irredundant set S = {u,v, w} is maximum in G, and H is an induced subgraph 
of G. Hence H is a maximum irredundant subgraph of the graph G. Also, by Theorem 3.1, 
for positive integers n1,n2,--+ ,n, with r > 1, the graph K,,, U Ky, U-:-U Ky, is a maximum 
irredundant subgraph. The analog concepts of minimum hull subgraph was studied in [3]. A 
graph #7 is a minimum hull subgraph if there exists a graph G containing H as an induced 
subgraph such that V(H) is a minimum hull set of G. Next, we characterize the class of all 


maximum irredundant subgraphs. 


U 
U 
e 
U e————_* W 
UV W 
- G 


Figure 3.1 G&H 


Theorem 3.2 A non trivial graph H is a maximum irredundant subgraph of some connected 


graph if and only if every component of H is complete. 


Proof First, let H be a maximum irredundant subgraph of a connected graph G. Assume to 
the contrary, that H contains a component that is not complete. Then there exist u,v € V(H) 
such that dy(u,v) = 2 and so H has at least one vertex, say, w different from both u and v 
such that w lies on some u — v geodesic in H . This is a contradiction to the fact that V(H) 
is an irredundant set in G. We now verify the converse. Let H be a graph such that every 
component of H is complete. If H is connected, then H is the maximum irredundant subgraph 
of H itself. Otherwise, H = K,, U Kn, U--:U Ky, for positive integers n1,n2,--- ,n-, where 
r > 2. Let G = Kk, +H. Then by Theorem 3.1, V(#) is a maximum irredundant set in G. 
This completes the proof. 


We leave the following problem as open. 


Problem 3.3 Characterize the classes of graphs G for which gir(G) = h(G). 
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Abstract: For an arborescence T, a directed pathos block line cut-vertex digraph Q = 
DPBL,(T) has vertex set V(Q) = A(T) UC(T) U B(L) U P(L), where C(T) is the cut- 
vertex set, B(T’) is the block set, and P(T) is a directed pathos set of T. The arc set A(Q) 
consists of the following arcs: ab such that a,b € A(T) and the head of a coincides with the 
tail of b; Cd such that C € C(T) and d € A(T) and the tail of d is C; dC such that C € C(T) 
and d € A(T’) and the head of d is C; Bc such that B € B(T) and c € A(T) and the arc c 
lies on the block B; Pa such that a € A(T’) and P € P(T) and the arc a lies on the directed 
path P; P,P; such that P;,P; € P(Z) and it is possible to reach the head of P; from the 
tail of P; through a common vertex, but it is possible to reach the head of P; from the tail 
of P;. The problem of reconstructing an arborescence from its DPBL,(T) is discussed. We 
present the characterization of digraphs whose DPBL.(T) are planar and outer planar. In 
addition, a necessary and sufficient condition for DPBL.(T) to have crossing number one 
is presented. Further we show that for any arborescence T, DPBL,(T) never be maximal 


outer planar and minimally nonouterplanar. 
Key Words: Crossing number, inner vertex number, complete bipartite digraph. 


AMS(2010): 05C20 


§1. Introduction 


We shall assume that the reader is familiar with the standard terminology on graphs and 
digraphs and refer the reader to [1,4]. The concept of pathos of a graph G was introduced by 
Harary [2] as a collection of minimum number of edge disjoint open paths whose union is G. 


The path number of a graph G is the number of paths in any pathos. The path number of 
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a tree T equals k, where 2k is the number of odd degree vertices of T. Harary [3] and Stanton 
[8] calculated the path number of certain classes of graphs like trees and complete graphs. 

H. M. Nagesh and R. Chandrasekhar [7] introduced the concept of a pathos block line 
cut-vertex graph of a tree. 

A pathos block line cut-vertex graph of a tree T, written PBL.(T), is a graph whose 
vertices are the edges, paths of a pathos, cut-vertices, and blocks of T, with two vertices of 
PBL,(T) adjacent whenever the corresponding edges of T are adjacent or the edge lies on the 
corresponding path of the pathos or the edge incident with the cut-vertex or the edge lies on the 
corresponding block; two distinct pathos vertices P,, and P,, of PBL,(T) are adjacent whenever 
the corresponding paths of the pathos P,,(v;,v;) and P, (vz, v1) have a common vertex. 

The characterization of graphs whose PBL,(T) are planar, outer planar, maximal outer 
planar, and minimally nonouterplanar were presented. 

In this paper, we extend the definition of a pathos block line cut-vertex graph of a tree 
to an arborescence. Furthermore, some of its characterizations such as the planarity, outer 
planarity, etc., are discussed. 

We need some concepts and notations on directed graphs. A directed graph (or just 
digraph) D consists of a finite non-empty set V(D) of elements called vertices and a finite 
set A(D) of ordered pair of distinct vertices called arcs. Here V(D) is the vertex set and A(D) 
is the arc set of D. If (u,v) or wv is an arc in D, then we say that u is a neighbor of v. A 
digraph D is semicomplete if for each pair of distinct vertices u and v, at least one of the arcs 
(u,v) and (v,u) exists in D. A semicomplete digraph of order n is denoted by D,,. 

For a connected digraph D, a vertex z is called a cut-vertex if D — {z} has more than one 
connected component. A block B of a digraph D is a maximal weak subdigraph of D, which 
has no vertex v such that B — v is disconnected. An entire digraph is a block if it has only 
one block. There are exactly three categories of blocks: strong, strictly unilateral, and strictly 
weak”. The out-degree of a vertex v, written d*(v), is the number of arcs going out from v 
and the in-degree of a vertex v, written d~(v), is the number of arcs coming into v. The total 
degree of a vertex v, written td(v), is the number of arcs incident with v. We immediately have 
td(v) = d~(v) + dt (v). 

A vertex with an in-degree (out-degree) zero is called a source (sink). The directed path 
on n > 2 vertices is the digraph P,= {V(P,), E(Px),n}, where V(P,) = {u1,U2,-°: , Un}, 
E(Pn) = {e1,€2,°-- ,€n—1}, where 77 is given by 7(e;) = (uj, ui41), for alli € {1,2,--- ,(n—1)}. 

An arborescence is a directed graph in which, for a vertex u called the root (a vertex of 
in-degree zero) and any other vertex v, there is exactly one directed path from u to v. We shall 
use T’ to denote an arborescence. A root arc of T is an arc which is directed out from the root 
of T, i.e., an arc whose tail is the root of T. 

Since most of the results and definitions for undirected planar graphs are valid for planar 
digraphs also, the following definitions hold good for planar digraphs. 

If D is a planar digraph, then the inner vertex number i(D) of D is the minimum number 
of vertices not belonging to the boundary of the exterior region in any embedding of D in the 
plane. A digraph D is outerplanar if i(D) = 0 and minimally nonouterplanar if i(D) = 1 [5]. 
The crossing number of a digraph D, denoted by cr(D), is the minimum number of crossings 
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of its arcs when the digraph D is drawn in the plane. 


§2. Definitions 


Definition 2.1 The line digraph L(D) of a digraph D has the arcs of D as vertices. There is 


an arc from D— arc pq towards D— arc uv if and only if q =u. 


Definition 2.2 If a directed path P,, starts at one vertex and ends at a different vertex, then 


> 


P,, is called an open directed path. 


Definition 2.3 The directed pathos of an arborescence T is defined as a collection of minimum 


number of arc disjoint open directed paths whose union is T. 


Definition 2.4 The directed path number k of T is the number of open directed paths in any 
directed pathos of T, and is equal to the number of sinks in T. 


Definition 2.5 For an arborescence T, a directed pathos line cut-vertex digraph Q = DPL,(T) 
has verter set V(Q) = A(T) UC(T)U P(T), where C(TL) is the cut-vertex set and P(T) is a 
directed pathos set of T. The arc set A(Q) consists of the following arcs: ab such that a,b € A(T) 
and the head of a coincides with the tail of b; Cd such that C € C(T) andd € A(T) and the tail 
of d is C; dC such that C € C(T) and d € A(T) and the head of d is C; Pa such that a € A(T) 
and P € P(T) and the arc a lies on the directed path P; P;P; such that P;,P; © P(T) and it is 
possible to reach the head of P; from the tail of P; through a common vertex, but it is possible 
to reach the head of P; from the tail of P;. 


Definition 2.6 For an arborescence T, a directed pathos block line cut-vertex digraph Q = 
DPBL,(T) has vertex set V(Q) = A(T) UC(T) U B(T) U P(T), where C(T) is the cut-verter 
set, B(T) is the block set, and P(T) is a directed pathos set of T. The arc set A(Q) consists of 
the following arcs: ab such that a,b € A(T) and the head of a coincides with the tail of b; Cd 
such that C € C(T) andde€ A(T) and the tail of d is C; dC such that C € C(T) andde€ A(T) 
and the head of d is C; Bc such that B € B(T) andce€ A(T) and the arc c lies on the block B; 
Pa such that a € A(T) and P € P(T) and the arc a lies on the directed path P; P;P; such that 
P;,P; € P(L) and it is possible to reach the head of P; from the tail of P; through a common 
vertex, but it 1s possible to reach the head of P; from the tail of P;. 


Note that the directed path number k’ of an arborescence T is minimum only when the 
out-degree of the root of T is one. Therefore, unless otherwise specified, the out- degree of the 
root of every arborescence is exactly one. Finally, we assume that the direction of the directed 
pathos is along the direction of the arcs in T. Since the pattern of directed pathos for an 
arborescence is not unique, the corresponding directed pathos block line cut-vertex digraph is 


also not unique. 


§3. Basic Properties of DPBL,(T) 
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Remark 3.1 Since every arc of T is a block (strictly unilateral), the arcs directed out of block 
vertices reaches the vertices of L(T) does not affect the crossing number of DPBLc(T). 


Observation 3.2 If T is an arborescence of order n (n > 3), then L(T) C L-(T) C DPL,(T) © 
DPBL,(T). 


Remark 3.3 The number of arcs whose tail and head are the directed pathos vertices in 
DPBL,(T) isk —1. 


Proposition 3.4 Let T be an arborescence with vertex set V(T) = {v1,v2,°++ , Un}, cut-vertex 
set C(T) = {C), C2,--- ,C,}, and block set B(T) = { Bi, Bo,---, Bs}. Then the order and size 
of DPBL,(T) are 


An—-1)+k +S °C; and YS d-(vj)- d+ (vi) +S -{a- (Cj) + a4 (C/)} +k +2n- 3, 
j=l i=1 j=l 


respectively. 


Proof Let T be an arborescence with vertex set V(T) = {v1,v2,--+ ,Un}, cut-vertex 
set C(T) = {Ci,C2,---,C,}, and block set B(T) = {Bi, Bo,---,B;}. Then the order of 
DPBL,(T) equals the sum of size, cut-vertices, blocks, and the directed path number k’ of T. 
Since every arc of an arborescence is a block, the order of DPBL,(T) is 


n—-1+) °C) +n-1+k, 


j=1 


=> A(n-1 +k +50. 
j=l 
The size of DPBL,(T) equals the sum of size of T and L(T); total degree of cut-vertices; 
and the number of arcs whose tail and head are the directed pathos vertices. By Remark 3.3, 


the size of DPBL,(T) is, 


n 


5d (ui) dF (us) + Sta(C3) +d*(Oj)} +2(n-1) +k -1, 


i=1 j=l 


= » d- (vj) - d* (vj) + yd-(C5) +d+(C))} +k +2n-3. 


§4. A Criterion for Directed Pathos Block Line Cut-Vertex Digraphs 


The main objective is to determine a necessary and sufficient condition that a digraph be a 
directed pathos block line cut-vertex digraph. 

A complete bipartite digraph is a directed graph D whose vertices can be partitioned into 
non-empty disjoint sets A and B such that each vertex of A has exactly one arc directed towards 
each vertex of B and such that D contains no other arc. 
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Theorem 4.1 A digraph T’ is a directed pathos block line cut-vertex digraph of an arborescence 
T if and only if V(T’) = A(T) UC(T) U B(T) U P(T) and are sets 


(1) UL, X; x Y;, where X; and Y; are the sets of in-coming and out-going arcs at uv; of T, 
respectively; 

(2) Ut_, Ukuy Z; x Cy such that Z; x Cy = ¢ for j #k; 

(3) Ujar Ujar Cr x 2; such that Cy x 2; = ¢ fork # j, where Z; and Z; are the sets of 
in-coming and out-going arcs at Cy of T, respectively. 

(iv) Ut_, Uja1 P, x Yj such that Py x Y; = @ fork 49; 

(a) We, Uje1 Pr x y such that Py x A = ¢ fork # j, where Y; is the set of arcs on 
which Py lies and Y; is the set of directed paths whose heads are reachable from the tail of Px 
through a common vertex in T; 

(5) Uy Ur_, Bi x Ny such that B, x Ny = @ for lA l', where N, is the set of arcs lies 
on By inT. 


Proof Let T be an arborescence with vertex set V(T’) = {v1,v2,-+- , Un}, cut-vertex set 
O(T) = {Ci, Co,--+ ,C,}, block set B(T) = {B,, Bo,--- , Bs}, and a directed pathos set P(T) = 
{P,, Po,--- ,P,}. We consider the following cases. 


Case 1. Let v be a vertex of T with d~(v) = a and d*(v) = @. Then a arcs coming into uv 
and the (@ arcs going out of v give rise to a complete bipartite subdigraph with a tails and 3 
heads and a: Z arcs joining each tail with each head. This is the decomposition of L(T’) into 
mutually arc disjoint complete bipartite subdigraphs. 


Case 2. Let C; be a cut-vertex of T with d~(C;) = a’. Then a’ arcs coming into C; give rise 
to a complete bipartite subdigraph with a tails and a single head (i.e., C;) and a’ arcs joining 
each tail with Cj. 


Case 3. Let C; be a cut-vertex of T with d*(C;) = 8B. Then ( arcs going out of C; give rise 
to a complete bipartite subdigraph with a single tail (i.e., C;) and B heads and ( arcs joining 
C;, with each head. 


Case 4. Let P; be a directed path which lies on a” arcs in T. Then a’ arcs give rise to a 
complete bipartite subdigraph with a single tail (i.e., P;) and a heads and a” arcs joining P; 
with each head. 


Case 5. Let P; be a directed path, and let B be the number of directed paths whose heads 
are reachable from the tail of P; through the common vertex in 7’. Then B° ares give rise to a 
complete bipartite subdigraph with a single tail (i-e., P;) and 8° heads and 3" arcs joining P; 
with each head. 


Case 6. Let By, be a block of T. Then the arcs, say y lies on B, give rise to a complete 
bipartite subdigraph with a single tail (i.e., B,) and y heads and ¥ arcs joining B, with each 
head. 

Hence by all the above cases, Q = DPBL,(T) is decomposed into mutually arc-disjoint 
complete bipartite subdigraphs with V(Q) = A(T) UC(T) U B(T) U P(T) and arc sets (i) 
Ur_,X;xY;, where X; and Y; are the sets of in-coming and out-going arcs at v; of T’, respectively. 
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(2) Uy Ua 2, & Ch ouch that 7, & CO, =e for gy Ak. 

(3) Upey Ul-1 Ce x Zj such that Cy, x Z; = ¢ for k # j, where Z, and Z, are the sets of 
in-coming and out-going arcs at C;, of T, respectively. 

(4) Up—1 Uf—1 Pe x Yj such that P, x Yj = ¢ for k # j. 

(5) Mtg Uja1 Pr x y, such that P, x y, = ¢ for k # j, where Y; is the set of arcs on 
which P, lies and Y; is the set of directed paths whose heads are reachable from the tail of Py 
through a common vertex in T’. 

(6) Ufa Up_, Bi x Ny such that By x Ny = ¢ for l# l’, where N, is the set of arcs lies 
on B, in T. 

Conversely, let T’ ‘bea digraph of the type described above. Let t), t2,--- ,t; be the vertices 
corresponding to complete bipartite subdigraphs 7), 7>,--- , 7; of Case 1, respectively; and let 
w',w?,---,w* be the vertices corresponding to complete bipartite subdigraphs P,, P},--- , P, 
of Case 4, respectively. Finally, let tg be a vertex chosen arbitrarily. 

For each vertex v of the complete bipartite subdigraphs 7), 7>,--- , 77, we draw an arc dy 


as follows. 


(a) If d*(v) > 0, d-(v) = 0, then a, := (to, ti), where i is the base (or index) of T; such 
that vu € Y;. 

(b) If d*(v) > 0, d-(v) > 0, then a, := (t;,t;), where i and j are the indices of T; and T; 
such that v € Xj; Yj. 

(c) If d*(v) = 0, d (v) = 1, then a, := (t;,w”) for 1 < n < t, where 7 is the base of T; 
such that v € X;. 


Note that, in (t;,w”) no matter what the value of 7 is, n varies from 1 to t such that the 
number of arcs of the form (t;,w”) is exactly t. 

We mark the cut-vertices as follows. From Case 2 and Case 3, we observe that for every 
cut vertex C,, there exists exactly two complete bipartite subdigraphs, one containing C’ as the 
tail, and other as head. Let it be CG, and CG for 1 <j <r such that C; contains C’ as the tail 
and C; as head. If the heads of C, and tails of CG, are the heads and tails of a single T; for 
1 <i<_l, then the vertex t; is a cut-vertex, where i is the index of T;. 

We now mark the directed pathos as follows. It is easy to observe that the directed path 
number k equals the number of subdigraphs of Case 4. Let ~1,wW2,--- ,wW, be the number of 
heads of subdigraphs P,, P,,. . ,P. , respectively. Suppose we mark the directed path P,. For 
this we choose any w, number of arcs and mark P; on wy, arcs. Similarly, we choose wz number 
of arcs and mark P3 on w2 arcs. This process is repeated until all directed pathos are marked. 
The digraph T with directed pathos and cut-vertices thus constructed apparently has T "as 


directed pathos block line cut- vertex digraph. 


Given a directed pathos block line cut-vertex digraph Q, the proof of the sufficiency of 
above theorem shows how to find an arborescence T such that DPBL,(T) = Q. This obviously 
raises the question of whether Q determines T uniquely. Although the answer to this in general 


is no, the extent to which T is determined is given as follows. 
One can easily check that using reconstruction procedure of the sufficiency of above the- 


orem, any arborescence (without directed pathos) is uniquely reconstructed from its directed 
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pathos block line cut-vertex digraph. Since the pattern of directed pathos for an arborescence is 
not unique, there is freedom in marking directed pathos for an arborescence in different ways. 
This clearly shows that if the directed path number is one, any arborescence with directed 
pathos is uniquely reconstructed from its directed pathos block line cut-vertex digraph. It is 
known that a directed path is a special case of an arborescence. Since the directed path number 
k’ of a directed path P, of order n (n > 3) is exactly one, a directed path with a directed pathos 
is uniquely reconstructed from its directed pathos block line cut-vertex digraph. 


§5. Characterization of DPBL,(T) 


Theorem 5.1 A directed pathos block line cut-vertex digraph DPBL,(T) of an arborescence 
T is planar if and only if the total degree of each vertex of T is at most three. 


Proof Suppose DPBL,(T) is planar. Assume that td(v) > 4, for every vertex v € T. 
Suppose there exists a vertex uv of total degree four in T,, that is, T is an arborescence whose 
underlying graph is Ky4. Let V(T) = {a,b,c,d,e} and A(T) = {(a,c), (c,)), (c,d), (c,e)} 
such that a and (a,c) are the root and root arc of T, respectively. By definition, A(Z(T)) = 
{(ac, cb), (ac, cd), (ac, ce)}. Since c is the cut-vertex of T, it is the tail of arcs (c, 6), (c,d), (c, e); 
and the head of an arc (a,c). Then c is a neighbor of vertices cb, cd, ce; and ac is a neighbor of 
c. This shows that cr(Z,(T)) = 0. Let P(T) = {P,, Po, P3} be a directed pathos set of T such 
that P; lies on the arcs (a,c), (c, b); P2 lies on (c,d); and P3 lies on (c,e). Then P, is a neighbor 
of ac, cb, Pz, P3; Pz is a neighbor of cd; and P3 is a neighbor of ce. Clearly cr(DPL,(T)) = 1. 
By Remark 3.1, cr(DPBL,(T)) = 1, a contradiction. 

Conversely, suppose that the total degree of each vertex of T is at most three. Let V(T) = 
{v1,v2,+++, Un} and A(T’) = {e1,e2,-++ ,€n—1} such that v; and e; = (v1, v2) are the root and 
root arc of T, respectively. By definition, L(T) is an out-tree of order n — 1. The number 
of cut-vertices of T’ equals the number of vertices whose total degree is at least two. Then 
L.(T) is a connected digraph in which every block is either D3 or D4 — e. Furthermore, the 
directed path number k’ is the number of sinks in T. Then the arcs joining vertices of L(T) 
and directed pathos vertices; and arcs joining directed pathos vertices gives DPL,(T) such that 
cr(DPL,(T)) = 0. By Remark 3.1, cr(DPBL,(T)) = 0. This completes the proof. 


Theorem 5.2 A directed pathos block line cut-vertex digraph DPBL,(T) of an arborescence 
T is outer planar if and only if T is a directed path P, of order n (n> 3). 


Proof Suppose DPBL,(T) is outer planar. Assume that T is an arborescence whose 
underlying graph is Ky3. Let V(T) = {a,b,c,d} and A(T) = {(a,b), (b,c), (b, d)} such that 
a and (a,b) are the root and root arc of T, respectively. Then A(L(T)) = {(ab, bc), (ab, bd)}. 
Since 6 is the cut-vertex of T, it is the tail of arcs (b,c), (b, d); and the head of an arc (a,b). By 
definition, L.(T) = D4 —e. Clearly i(L,.(T)) = 0. Let P(T) = {P,, P2} be a directed pathos 
set of T such that P,; lies on the arcs (a,b), (b,c); and P» lies on (b,d). Then P, is a neighbor 
of ab, bc, P2; and P2 is a neighbor of bd. This shows that i(DPL.(A,;)) = 1. Since every arc 
of T is a block, let By, Bz, B3 be blocks corresponding to arcs (a, b), (b,c), (b, d), respectively. 
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Then the arcs joining B; and ab; By and bc; and B3 and bd increases the inner vertex number 
of DPL.(T) by one. Thus i(DPBL,(T)) = 2, a contradiction. 

Conversely, suppose that T is a directed path of order n (n > 3). Let V(T) = {v1, v2,-++ , Un} 
and A(T) = {e1, €2,:-: ,@n—1}. Clearly, the directed path number of T is one. Then the un- 
derlying graph of DPL(T) is the fan graph Fi ,-1. Let C(T) = {C1,C2,---,Cn—2} be the 
cut-vertex set of JT such that the arcs e; are directed into the cut-vertices C;, and e;4, are 
directed out of C; for 1 <7<n-— 2. Then the vertices e; are the neighbors of C;, and C; are 
the neighbors of e;41. This shows that i(DPL,.(T)) = 0. Since every arc of T is a block, by 
Remark 3.1, i(/DPBL-(T)) = 0. 


Theorem 5.3(F. Harary, [1]) Every maximal outer planar graph G with n vertices has 2n — 3 
edges. 


Theorem 5.4 For any arborescence T, DPBL,.(T) is not maximal outerplanar. 


Proof We use contradiction. Suppose that DPBL,(T) is maximal outer planar. We 
consider the following three cases. 


Case 1. Suppose that td(v) > 4, for every vertex v € T. By Theorem 5.1, DPBL.(T) is 


nonplanar, a contradiction. 


Case 2. Suppose there exits a vertex of total degree three in T. By necessity of Theorem 5.2, 
DPBL,(T) nonouterplanar, a contradiction. 


Case 3. Suppose that T' is a directed path P, of order n (n > 3). By Proposition 3.4, the 
order and size of DPBL,(T) are 3a+3 and 5a + 2, respectively, where a = (n—2),n > 3. But 
5a+2 < 6a+3 = 2(3a+3)—3. By Theorem 5.3, DPBL,(T) is not maximal outerplanar, 
again a contradiction. Hence by all the above cases, DPBL,(T) is not maximal outerplanar. 


Theorem 5.5 For any arborescence T, DPBL,(T) is not minimally nonouter planar. 


Proof We use contradiction. Suppose that DPBL,(T) is minimally nonouter planar. We 
consider the following three cases. 


Case 1. Suppose that td(v) > 4, for every vertex v € T. By Theorem 5.1, DPBL.(T) is 


nonplanar, a contradiction. 


Case 2. Suppose there exits a vertex of total degree three in T. By necessity of Theorem 5.2, 
i(DPBL,(T)) = 2, a contradiction. 


Case 3. Suppose that T is a directed path P, of order n (n > 3). By Theorem 5.2, DPBL.(T) 
is outer planar, again a contradiction. Hence by all the above cases, DPBL,(T) is not minimally 


nonouterplanar. 


Theorem 5.6 A directed pathos block line cut-vertex digraph DPBL,.(T) of an arborescence 
T has crossing number one if and only if the underlying graph of T ts Ky,4. 
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Proof Suppose DPBL,(T) has crossing number one. Assume that T is an arborescence 
whose underlying graph is a star graph Ky, on n > 5 vertices. Suppose T = Ky 5. Let 
V(T) = {a,b,c,d,e, f} and A(T) = {(a,c), (c,d), (c,d), (c,e), (c, f)} such that a and (a,c) are 
the root and root arc of T, respectively. Then A(L(T)) = {(ac, cb), (ac, cd), (ac, ce), (ac, cf)}. 
Since c is the cut-vertex of T,, it is the tail of arcs (c,b), (c,d), (c,e), (c, f); and the head of an 
arc (a,c). Then c is a neighbor of vertices cb, cd, ce,cf; and ac is a neighbor of c. This shows 
that cr(Z-(T)) = 0. Let P(T) = {P,, P2, P3, Ps} be a directed pathos set of T such that P; lies 
on the arcs (a,c), (c,b); P: lies on (c,d); P3 lies on (c,e); and P, lies on (c, f). Then P; is a 
neighbor of ac, cb, P2, P3, P14; P2 is a neighbor of cd; P3 is a neighbor of ce; and P, is a neighbor 
of cf. This shows that cr(DPL.(T)) = 2. By Remark 3.1, cr(DPBL,(T)) = 2, a contradiction. 

Conversely, suppose that T’ is an arborescence whose underlying graph is Ky,4. By necessity 
of Theorem 5.1, cr(DPBL,(T)) =1. This completes the proof. 
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Abstract: The present paper deals with a spherical chain whose centers lie on a horizontal 
plane which can be drawn inside a spherical fragment and we display some geometric prop- 
erties related to the chain itself. Here, we also grant recursive and non recursive formulas 


for calculating the coordinates of the centers and the radii of the spheres. 
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§1. Introduction 


Let us consider a sphere “ABEF A” with diameter AE and center L. If we cut this sphere 
by a plane, parallel to the coordinate planes then we get a circle and this intersection plane 
that contains the circle is nothing but the Y; = 0 plane. Because we construct the coordinate 
system at the point I (see Figure 1), it is the intersection between the diameter(AE) of the 
sphere“ABEF A” and the plane Y; = 0. It is possible to construct an infinite chain of spheres 
inside a spherical fragment where the centers of all sphere of the chain lie on a horizontal plane, 
parallel to the X,Y; plane or may be X,Y; plane and each sphere tangent to the plane Y; = 0 
and spherical fragment, that contains FEB and to its two immediate neighbors. 

Let 2(a; + 61) be the diameter of the sphere and 2b; be the length of the segment IEF. 
Here we have set up a Cartesian coordinate system with origin at J and let us consider sphere 
with center (x},y},k1) which lie on a horizontal plane, parallel to the xy’ plane or may be 
xy! plane, it depends upon the value of k; and radius rj tangent to the plane Y; = 0 and the 
spherical fragment, that containing FEB. Now, we construct a infinite chain of tangent spheres, 
with centers (x}, y},k1) which lie on a horizontal plane, parallel to the X,Y; plane or may be 
X,Y; plane, it depends upon the value of k; and radii r} for integer value of i, positive and 
negative and ky is fixed but the values of kj may be positive, negative or zero. That means for 


particular values of k,, we get a sequence of horizontal planes parallel to X,Y; plane. Therefore 
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if we consider any horizontal parallel plane corresponding to the X,Y, plane then there exist a 
spherical chain for which the center of the spheres of the spherical chains lies on that plane. 


A 


Figure 1, Spherical Chains inside a spherical segment 


In this paper, we have learnt that the locus of the centers of the spherical chain mentioned 
above is a certain type of curve. Here, we have exhibited that locus of the point of centers 
of the spheres of the chain lie on a sphere. We have also inferred recursive and non recursive 
formulae to find coordinates of centers and radii of the spheres of a spherical chain. 


§2. Some Geometric Properties of the Spherical Chain 


Here we have speculated some basic properties of the infinite chain of spheres as mentioned 
above. 


Figure 2.1 Centers of the spheres in chain ona parabola 
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Proposition 2.1 The centers of the spheres of the spherical chain on a horizontal plane, lie 
on a parabola with axis parallel to Y,-axis, focus is at a height ky from L and the vertex is at 
(0, b — E, ky). If we draw Figure 2.1 explicitly, then 


nN t 4 


vy 


> 


ki L I E Yi 
Gh= s=r! =y! 


yy XZ; plane or Y; =0 plane 


X 


Figure 2,2 Centers of the spheres in chain on a parabola 


Proof Let us consider a sphere of the chain with center I, (a, y', k1), lie on a horizontal 
plane which is parallel to the coordinate plane X,Y, diameter GH, radius r', tangent to the 
spherical arc FEB at S. Since LS contains I; (see Figure 2.2), we have by taking into account 
that L, where L is the center of the sphere which contains the spherical chains, has coordinate 
(0, b1 — a1,0) and 

LS = ay + b1, 


LT, = V(x")? + (yt — bi + a1)? + (h1)?, 
LS=Gh=r'= y'. 
Now, it is clear that 
Oi =LS—-S. 


From these, we have 
(21)? + (y? — by + a1)? + (kx)? = a1 +1 —y", 


which simplifies into 
k2 
(x)? = ~4ar} 0a ph. (1) 


4a, 


This clearly represents a parabola which is symmetric with respect to the axis parallel to Y;- 


axis with vertex (0,6! — a)? ,k,) and focus (0,b! — a, — ay ,k,), where L is the center of 
day 4a, 


the sphere. 


Proposition 2.2. The points of tangency between consecutive spheres of the chain lie on a 


sphere. 
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Proof Consider two neighboring spheres with centers (7, yi, k1), (@i415 Vizas 1), radii r}, 
rh 41 respectively, tangent to each other at U;, see Figure 3. 


r 


Figure 3. Points of tangency on a spherical are 


By using Proposition 2.1 and noting that A has coordinate (0, —2a1,0), we have 


AI? = (a)? + (y} + 201)? + (1)? = @h)? + { 7 — i a} os 


(ri? = (yl)? = { Cees BY 


4a, 


Applying the Pythagorean theorem to the right triangle AJ;U;, we have 


AU? = AI? — (r})? = 4a1 (a1 + b1) = AI.AE = AF”. 


Thus it follows that U; lie on the sphere with center at A and radius AF’. 


Figure 4. Line joining points of tangency 
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Proposition 2.3 If a sphere of the chain touches the plane Y, = 0 at G and touches the 
spherical fragment FEB at S, then the points A (end point of the diameter opposite to plane 
Y, = 0), G,S are collinear. 


Proof Suppose a sphere has center J; of a spherical chain which touches the plane Y; = 0 
at G and the spherical fragment F' EB at S, see Figure 4. Note that triangles LAS and 1,G‘S are 
isosceles triangles where ZZDSA = ZLAS = 2,SG = Z1,GS. Thus A,G,S must be collinear 
as the triangles DAS and 1,GS are similar. 


§3. Recursive and Non-Recursive Formulae to Find Coordinates of Centers and 
Radii of the Spheres of a Spherical Chain 


From Figure 5, the triangle [;J;_1 A; is right angle triangle (as [;A; is perpendicular drawn on 
ri_,) with the centers J;_; and J; of two neighboring spheres of the chain. 


Figure 5. Construction for determination of recursive formula 


Since these spheres have radii r}_, = yi_, and r} = y} respectively, we have 


(aj — 51) + (yi — ea)? + (ha — Bi)? = (rp +)? = E+ i), 


(a; _ eae = Ay; Y;_4- 


Using (1), we can write 
ki (xj)? ki (aj_ ? 
1 At 2 1 a 1 i—1 
UL; — 2X; = 44 by — — — —— 94 by — — - —— >, 
( . . 1) { : 4a, 4a, MN . 4a, 4a, 
or 


2 
dar {a1 +6, — k?/4a1 } = (ai_,)? {a1 +b, — k?/4ai ba? _, = dar {br _ k?/4a. } 

au (eh)? 20} ya} =o. @) 
ay ay 


If we index the spheres in the chain in such a way that the coordinate 2} increases with 
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the index i, then from (2) we have 


—p2 a 
_ wha — {whi )?/ar - 4(br — #B/4ar) bof + Ged) 


4 


of + Gosia) _ mal 


4a; 


(3) 


This is a recursive formula that can be applied provided that x of the first circle is known. 
Note that xj must be chosen in the interval {-2Vaibi — k?/4a1),2,/ai(bi — i /4ai) Now 
the z+ coordinate is k; and y} are radii derived from (1), by 

1 ki (a); 


1 
ta=rbap,-4- 
Yi "i : 4a, 4a, 


(4) 
Now, it is possible to transform the recursion formula into a continued fraction and after 
some calculations, we get 


ot = tof fi =H) | 


ay vj /)  @1=k?/4a1) 
— + 1+ 1 — 1 


Let 
by — k?/4 I by — k?/4 
p=2 iy and fi = (3 See i=1,2,..., (6) 
ay 2a1 ay 
then, we have 
1 

&=- — 

go + fi-1 


&i = T 7 
P~ ot 
~ BrP 
Here we have used £94 in place of €) and 
xe bi — k?/4a 
aso eee i 1) 
ay ay 


Now, if we solve equation (2) for z}_, then we get 


—k2 /4a 
bah + (wh)? /ar = (br — 2/4ar) }y/1 + GR) 


a aft qe ora 


daz 
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Thus, for negative integral values of 7, with 


zl, b, — k?/4a 
ea ty fg i) 
2a, ay 
we have 
1 
= = T , 
nt =p—-—___—_ 
~ ett 
where 
i b, — k?/4 
5 = MO iw (b1 — kj /4a1) 
2a4 ay 


Therefore it is possible to give nonrecursive formulae for calculating x} and x!,;. In the 
following, here we shall consider only x} for positive integer indices because, as far as x1, is 
concerned, it is enough to change, in all the formulae involved, ¢ into —¢, x} into z}_,. Starting 


from (5), and by considering its particular structure, one can write, for 7 = 1, 2,3,... 


__ _ H-1() 
a Hi(@) 


? 


where j4;(g) are polynomials with integer coefficients. Here are the first five of them. 


(g? — 29) + (»? — 1)Eo4 


4(#) (9* — 397 + 1) + (p* — 2)€04 


b5(p) | (p° — 4p? + 3—) + (p* — 3p? + 1)€o4 


According to a fundamental property of continued fraction [1], these polynomials satisfy 
the second order linear recurrence 


Li(@) = PHi-1(%) — Hi-2(#). (8) 
We can further write 


Lilo) = pi(@) + pi-1() E04, (9) 


for a sequence of simpler polynomials y;(@), each either odd or even. In fact, from (8) and (9), 
we have 


pita(9) = eyviti(”) — ¥i(#). 
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Explicitly, 


vil) = 


From (6), we have 


for 7 = 1,2,.... 
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i=0 
i 1 t4+n 
pein 8 ogee pe, t= 2,4, 6, 
2n 
7 i4d Elin 
(ele & prt, = 4 =1,3,5, 
2n—-—1 
ot = a(p— 2H), (10) 


Li(@) 


Note 3.1 One can also consider the planes parallel to Y'Z! plane and Z!X! plane. 
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Abstract: A labeling or numbering of a graph G is an assignment of labels to the vertices 
of G that induces for each edge wv a labeling depending on the vertex labels f(u) and f(v). 
In this paper, we investigate neighborhood prime labeling of graph obtained by identifying 
any two vertices of path P,. We also discuss neighborhood prime labeling in some graph 


operations on the cycle Ch. 
Key Words: Neighborhood prime labeling,fusion,vertex switching, path union. 
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§1. Introduction 


All graphs in this paper are finite, simple, undirected and having no isolated vertices. For 
all terminology and notations in graph theory, we follow [2] and for all terminology regarding 
graceful labeling,we follow [3]. The field of graph theory plays vital role in various fields.Graph 
labeling is one of the important area in graph theory. Graph labelings where the vertices are as- 
signed values subject to certain conditions have been motivated by practical problems.Labeled 
graphs serves as useful mathematical models for a broad range of applications such as com- 
munication network addressing system,data base management, circuit designs, coding theory, 
X-ray crystallography, the design of good radar type codes, synch-set codes,missile guidance 
codes and radio astronomy problems etc. The detailed description of the applications of graph 
labelings can be seen in [1]. 


Definition 1.1 Let G = (V(G),E(G)) be a graph with p vertices. A bijection f: V(G) - 
{1,2,3,---,p} is called prime labeling if for each edge e = uv, gcd(f(u), f(v)) = 1. A graph 


which admits prime labeling is called a prime graph. 


The notion of prime labeling was introduced by Roger Entringer and was discussed in a 
paper by [4]. In [5] the author proved that the path P,, on n vertices is a prime graph. In [6] 
the author proved that the graph obtained by identifying any two vertices of path P,, is a prime 
graph. The prime labeling of some cycle related graphs were discussed in [7]. In [9] it is shown 
that Ci, X P2;CnU Kim, CnU Pin, K1nU Pn, Olive trees, Pr, © Ki,n > 2, PiU PeoU---U Pn have 
a prime labeling. 
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§2. Neighborhood Prime Labeling 


Definition 2.1 ([8]) Let G = (V(G), E(G)) be a graph with p vertices. A bijection f : V(G) > 
{1,2,3,---,p} is called neighborhood prime labeling if for each vertex v € V(G) with deg(v) > 1, 
gced{ f(u) : we N(v)} = 1. A graph which admits neighborhood prime labeling is called a 
neighborhood prime graph. 


For a vertex v € V(G), the neighborhood of v is the set of all vertices in G which are 
adjacent to v and is denoted by N(v). If in a graph G, every vertex is of degree at most 1, 
then such a graph is neighborhood prime. S.K.Pater,N.P.Shrimali [8] proved that the path P,, 
is neighborhood prime graph for every n. They also proved that the cycle C;, is neighborhood 
prime if n 4 2(mod4).We consider some results on neighborhood prime labeling of path P,, and 
cycle Cy. 


Definition 2.2 Let u and v be two distinct vertices of a graph G. A new graph Gy, 1s con- 
structed by identifying (fusing) two vertices u and v by a single new vertex x such that every 


edge which was incident with either u or v in G is now incident with & in Guy. 


Definition 2.3 A verter switching Gy of a graph G is obtained by taking a vertex v of 
G,removing all the edges incident with v and adding edges joining v to every vertex which 


are not adjacent to G. 


Definition 2.4 Let G),G2,--- ,Gn,n => 2 be n copies of a fixed graph G. The graph obtained 
by adding an edge between G; and Gj41 fori =1,2,---,n—1 is called the path union of G. 


Theorem 2.1 The graph obtained by identifying any two vertices of Py, is a neighborhood prime 
graph if n Z 3(mod4). 


Proof Let v1,v2,°:+,Un be the vertices of P,. Let u be the new vertex of the graph 
G obtained by identifying two distinct vertices v; and v2 of P,. Then G is a loop with a 
path in n-1 vertices.Since the path P,, is neighborhood prime for every n, G is neighborhood 
prime. Let u be the new vertex of G obtained by identifying two distinct vertices vg and vp 
of P,. Then G is a cycle (possibly loop) with at most two paths attached at u. The graph 
G is the disjoint union of cycle C!, and the path P’.Consider the consecutive vertices of C’, 
are U = U1, U2,°-: ,u, and the consecutive vertices of P’ are vp = u,V1,V2,°°* ,Us- Define a 
function f: V(G) > {1,2,3,---,n—1} as follows. 


Case 1. If r and s are both even, define 


—1 
F(uaa) = S— +4,1Si< 5, F(uai) =t,1Si< 5, 
n+r—-1 Ss r 8 
f(vaj-1) = 5 Tests: fluj)=5tR1SIS5 
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Case 2. If r is even but s is odd, define 


—2 
f(uaa) === +41 sis s, f(uai) =t,1Sis 5, 
n+r . _. stil r . _.s—l 
f(vaj-1) = —— + 5,1 <9 < —, flva)=a+7,1<5< ; 
2 2 2 2, 
Case 3. If r is odd but s is even, define 
—1 
fui) = = +i 1sis =, fw) siisis 
n+r-1 _2.8 _ 8 
[aml =—s a LSI SG; Fly) = +PLSIS 
Case 4. If r and s are both odd, define 
—1 1 —1 
flwia)="S-+i1sis f(uai) =i,1<sis , 


s—l 


r—1 : J s+1l a+r : ; 
sa a [a = bt So 


f (v2j—1) = 


Clearly, f is an injective map. We claim f is neighborhood prime labeling due to the 
following: 


(1) If v; is a vertex of P, and 1 <j < s—1, the proof is divided into cases following: 


Case 1. If r and s are both even, the neighborhood vertices of each vertex uv; are either 
(4 4 j, SH + 5 +1) or (£ +9,5 +541). These are consecutive integers. So the gcd of 
the neighborhood vertices of v; is 1. 


Case 2. If r is even but s is odd, the neighborhood vertices of each vertex v; are either 
(A + 5, H+ 941) or ($4 7,4 +541). These are consecutive integers. So the ged of the 
neighborhood vertices of v; is 1. 


Case 3. If r is odd but s is even, the neighborhood vertices of each vertex v; are either 
(45* + j, SHE + 5 +1) or (5 45,554 +741). These are consecutive integers. So the gcd 
of the neighborhood vertices of v; is 1. 


Case 4. If r and s are both odd the neighborhood vertices of each vertex v; are either 


(SEP + 7, BEY 4 4-1) or (544+ 5,54 4+ 941). These are consecutive integers. So the gcd of 


the neighborhood vertices of v; is 1. 


(2) If u; is a vertex of C;,, 2<i<_r, the proof is divided into cases following: 


Case 1. If 7 and s are both even, the neighborhood vertices of each vertex u; are either 
(454 +i, 5++i+1) or (i,i+1). These are consecutive integers. So the ged of the neighborhood 
vertices of u; is 1. 


Case 2. If 7 is even but s is odd, the neighborhood vertices of each vertex u; are either 
(457 +i, 5*+i+1) or (i,i+1). These are consecutive integers. So the ged of the neighborhood 
vertices of u; is 1. 
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Case 3. If r is odd but s is even, the neighborhood vertices of each vertex u; are either 
(457 +i, 5*+i+1) or (i,i+1). These are consecutive integers. So the gcd of the neighborhood 
vertices of u; is 1. 


Case 4. If r and s are both odd, the neighborhood vertices of each vertex u; are either 
(454 +i, 5++i+1) or (i,i+1). These are consecutive integers. So the ged of the neighborhood 
vertices of u; is 1. 


(3) For the vertex u = u; in C, 


n? 


the labeling of one of the neighborhood vertex is one. So 
the gcd is one. 


Finally if we identifying the vertices v; and v,, of the path P,,, then the graph G is a cycle 


with n — 1 vertices. The cycle C,, is neighborhood prime for n # 2(mod4), G is neighborhood 
prime if n 4 3(mod4). 


§3. Neighborhood Prime Labeling on Cycle Related Graphs 


In this section we consider neighborhood prime labeling on cycle with chords,cycle with switch- 
ing a vertex,path union of cycles and join of two cycles with a path. In [10] Mathew Varkey 
T.K and Sunoj B.S proved that, every cycle C;, with a chord is prime for n > 4 and every cycle 
C;, with [25+] — 1 chords from a vertex is prime for n > 5. We have the following theorems. 


Theorem 3.1 Every cycle C,, with a chord is neighborhood prime for alln > 4. 


Proof Let G be a graph such that G = C, with a chord joining two non-adjacent vertices 
of C,,,for alln > 4. Let {v1,v2,--+ ,Un} be the vertex set of G. Let the number of vertices of 
G be n and number of edges of G be n+ 1. 


(1) If n ¥ 2(mod4), define a function f : V(G) > {1,2,--- ,n} as follows: 
Case 1. If n is odd, let 


1 -1 
a and f (v2) =F. 5< 5 


n-1.., : 
f(vaj-1) = ae ee <I 
Case 2. If n is even, let 


fej) =F +51S GF <5 and f(v2j) = 5,15) < 5. 

The neighborhood vertices of each vertex vu; except Up, is {v;-1, Vi41} and they are consec- 
utive integers, so it is neighborhood prime. The neighborhood vertices of uv, is {v,—1, vi} and 
the corresponding labels are consecutive integers — and ao if n is odd, n and 5 +1 if n is 
even.Now select the vertex v; and join this to any vertex of G which is not adjacent to v;. Then 
it is clear that the gcd of labeling of the neighborhood vertices of each vertex is one and G is 
neighborhood prime graph. 


(2) If n & 2(mod4), the labeling of the same function shows that there exists at least one 
vertex whose neighborhood set is not prime.Let v; be the vertex whose neighborhood set is not 
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prime. We choose the vertex v; which is not adjacent and relatively prime to vu; in G' and join 


with a chord. Then G is a neighborhood prime graph. 


Theorem 3.2 Every cycle Cy, with n—3 chords from a vertex is neighborhood prime for n > 5. 


Proof Let G be a graph such that G = C,,n > 5. Let {v1,v2,--- , Un} be the vertex set 
of G.Choose an arbitrary vertex v; and joining v; to all the vertices which are not adjacent to 


v;. Then there are n-3 chords to v; and from the above theorem G admits neighborhood prime 


labeling. 


Theorem 3.3. The graph obtained by switching of any vertex in a cycle C, is neighborhood 
prime graph. 


Proof Let G = C,, and v1, v2,--- ,Un be the successive vertices of C;,.Let Gy, denotes the 
vertex switching of G with respect to the vertex vz. Here |V(G,,)| =n and |E(G,y,)| = 2n—5. 
Define a labeling f : V(G) — {1,2,3,--- ,n} as follows: 


f(ve) =1, 
f (veri) = f(Up-1) ti, 1 <i<n-—k. 


Then for any vertex v; other than vz, the neighborhood vertices containing vz and so the gcd 


of the label of vertices in N(v;) is 1. Gy, is a neighborhood prime graph. 


Theorem 3.4 Let G be the graph obtained by the path union of finite number of copies of cycle 
C,,. G is a neighborhood prime graph if n % 2(mod4). 


Proof Let G be the path union of cycle C,, and G,,G2,---,G, be k copies of cycle 
C,,. The vertices of G is nk and edges of G is (1+ 1)k. Let us denote the vertices of G be 
vz, l <i<n,1<,j < k and the successive vertices of the graph G by v1;, v2r,-** ,Unr- Let 


€ = VirVy(r41) be the edge joining G, and G41) for r= 1,2,---,k—1. 
Define the labeling f : V(G) — {1,2,--- ,nk} as follows: 


Case 1. If nis odd and1<j<k, define 


n+1 


— . nti ; ; . ~-n-il 
Ff (v(2i—1)3) a a alee ay Be and f(vai)3) =n(G-1)+i,1<i< 5 


Case 2. If nis even and 1< 7 < k, define 


F(vai-yj) =ngt+i-s,1<i< 


5 < 5 and f(yayj) =nG—1)+i1 sis. 


We claim that f is a neighborhood prime labeling. If v;, is any vertex of G in the rth 
copy of the cycle C;, different from v1,, then N(vir) = {vg@—1)r3 UG41)r}- Since f(vG—1)r) and 
f(v41yr) are consecutive integers, gcd of the labels of the vertices in N(vj,) is 1. 

Notice that N(v11) = {vni; vai} and f(ve1) = 1, the gcd of the labels of vertices in N(v11) 
is 1. Now we consider vertices v1,;,1<r<k. 
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Case 1. If n is odd, the labels of vertices in N(v1,) are n(r— 3) +4, n(r+3)+4, n(r—1) +1 
and nr. They are relatively prime. 


Case 2. If n is even, the labels of vertices in N(v1,) are n(r— 3) +3, n(r+3)+4, n(r—1) +2 
and n(r — 4). They are relatively prime. 


Finally we consider v1. 


Case 1. If n is odd, the labels of vertices in N(viz,) are n(k — 3) + 3, n(k — 1) +1 and nk. 


They are relatively prime. 


Case 2. If is odd, the labels of vertices in N(vi,) are n(k—%)+4, n(k—1) +1 and n(k— $4). 
They are relatively prime. 


~N 


The cycle C;, is not neighborhood prime if n = 2(mod4). Thus G is not neighborhood 


prime if n = 2(mod4). Hence G is neighborhood prime if n 4 2(mod4). 


Theorem 3.5 The graph obtained by by joining two copies of cycle Cy, by a path Py is a 
neighborhood prime graph if n # 2(mod4). 


Proof Let G be the graph obtained by joining two copies of cycle C;, by a path P;,. The 


vertices of G are 2n + k — 2 and edges of G are 2n +k —1. Let v1,v2,--- , Un be the vertices 
of the first copy of cycle C;, and w 1, w2,--- , Wn be the vertices of the second copy of cycle Cy. 
Let u1,ug,--- , ux be the vertices of path Py, with vy = u, and w, = ur. 


Define the labeling f : V(G) > {1,2,3,---,2n+k— 2} as follows: 


Case 1. If n is odd, let the labeling on C’, be 


- —1 
f(va-1) = —— +i,1<i< Lay f (vai) =1,1<i< — 
and 3 i ing 1 
f(wai-1) = = +i1Sis —, f(wa) =n til sis 
Case 2. If n is even, let the labeling on C;, be 
n n n 
fvaal=5tilsis 3? f(v2i) =i,1<is 3 
and 3 
Fw) = F+i1 sis, f(wai) =n+i,1<i< a 
The labeling on P; is defined by 
Case 1. If k is odd, let 
k- k-1 k-3 
flu) = 2n+“S* +4,1<i< — and f(ugiz1) =2n+7,1<i< =z 


Case 2. If k is even, let 


k-2 k-2 k 
F(uai) = 2n + — +41 Sis —— and f(usiti1) = 2n+i,1<is ——. 
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We claim that f is a neighborhood prime labeling. If v; is any vertex of G in the first 
copy of the cycle C,, different from v1, then N(v;) = [vi-1, vizi]. Since f(vj-1) and f(vi41) are 
consecutive integers, the gcd of the label of the vertices is 1. Also N(v;) contains the vertex v2 
and f(v2) = 1, the gcd of the label of vertices in N (v1) is 1. 

If w; is any vertex of G in the second copy of the cycle C,, different from wi, then N(w;) = 
[wi-1, Wi41]. Since f(w;-1) and f(wi41) are consecutive integers, the gcd of the label of the 
vertices is 1. 


Now, consider wy}. 


Case 1. If n is odd, N(w1) are {w2,Wn,uz—1}. They are relatively prime for n > 1 since 
f(w2) =n +1, f(wn) = 2n. 


Case 2. If n is even, N(w 1) are {weo, Wn, ue—1}. They are relatively prime for n > 2 since 
f(v2) =n +1, f(vn) = 2 


Finally, if u; is any vertex of G in the path P, different from u; and uz,then N(u;) = 
{uj_-1, Witi}. Since f(uz_1) and f(u;41) are consecutive integers, the gcd of the label of vertices 
of N(u;) is 1. Thus, G is a neighborhood prime labeling graph if n 4 2(mod4). 
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We know nothing of what will happen in future, but by the analogy of past 
experrence. 


By Abraham Lincoln, an American President. 
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